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Abstract. In this paper we define a new nonlinear wavelet-based estimator of the regression

function under a left truncation model. Asymptotic normality of the estimator is established. It

is assumed that the lifetime observations form a stationary α-mixing sequence. Also, the asymp-

totic normality of the nonlinear wavelet-based estimator of the covariate’s density is proved.
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1 Introduction

The importance of wavelets in curve estimation is well known since the initial works by Kerky-

acharian and Picard (1992, 1993), Donoho and Johnstone (1994, 1995), and Donoho et al. (1995,

1996). In these papers, adaptation of wavelets (in the minimax sense) to the degree of smooth of

the underlying function is analyzed, for a wide range of functional spaces and a number of loss

functions. This is a remarkable property of the wavelet method when compared to other com-

mon estimation techniques (such as the kernel method) which may fail in unsmooth situations.

Hall and Patil (1995) gave for the first time an asymptotic expression of the mean integrated

squared error (MISE) of a nonlinear wavelet density estimator, and compared its performance to

that corresponding to the kernel density estimator. These authors showed that the asymptotic

MISE formula is the same in both the smooth and unsmooth density cases, a fact that is not true

for the kernel method. Similar results are available for the problem of estimating a regression

function, see for example Hall and Patil (1996).

In Reliability and Survival Analysis, incomplete data are often encountered, censoring and

truncation being two important sources of incompleteness. Some authors have studied wavelet

density estimation with censored data. For example, Antoniadis et al. (1999) considered linear

wavelet density estimation under random censoring, and provided asymptotic MISE convergence
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rate under smoothness assumptions on the underlying density function. Li (2003) proposed a

non-linear wavelet density estimator with censored data and derived a result similar to the main

result, Theorem 2.1, of Hall and Patil (1995), about the MISE; see also Rodŕıguez-Casal and de

Uña-Álvarez (2004) who considered the Koziol-Green model of random censorship. All of the

above works are devoted to the independent setting. For the dependent case, Liang et al. (2005)

discussed the global L2 error of the nonlinear wavelet estimators of the density function in the

Besov space under censoring and stationary α-mixing assumptions; for complete data, Li and

Xiao (2006, 2007) provided an asymptotic expression of the MISE in nonlinear wavelet regression

with complete long memory data; while Truoug and Patil (2001) gave the result corresponding

to α-mixing data. However, little is known about the wavelet-based estimator of the covariate’s

distribution and the regression function under random truncation, even for independent data. In

this paper we introduce nonlinear wavelet estimators for left-truncated data and we investigate

asymptotic properties under mixing conditions.

Let Y be a lifetime variable with continuous distribution function (df) F and let X be a one-

dimensional covariate taking its values in R with df V and corresponding density v. Introduce

the regression function of Y given X:

E(Y |X = x) := m(x) , x ∈ R, (1.1)

which can be written as m(x) = h(x)
v(x) , where h(x) =

∫
R
yf(x, y)dy with f(·, ·) being the joint

density function of (X,Y ). In practice, the response lifetime variable Y may be subject to right

censoring and/or left truncation. In this paper we consider the left truncation model. Left-

truncated data occur in astronomy, economics, epidemiology and biometry; see, e.g., Woodroofe

(1985), Feigelson and Babu (1992), Wang et al. (1986), Tsai et al. (1987) and He and Yang

(1994).

Under the assumption that the lifetime observations are mutually independent, the nonpara-

metric kernel estimator of m(·) has first been considered for complete data; see, e.g., Devroye

et al. (1996), Györfi et al. (1998) and the references therein. For censored data, the esti-

mation of the regression function m(·) has also been studied by Fan and Gijbels (1996) and

the recent work of Kohler et al. (2002), and many others. Recently, Ould-Säıd and Lemdani

(2006) constructed a new nonparametric kernel estimator of the regression function m(·) for

the left-truncation model and studied its asymptotic properties. In this paper we define a new

nonlinear wavelet-based estimator of the regression function under the left-truncation model,

and establish asymptotic normality for the estimator of the regression function when the data

exhibit some kind of dependence. It is assumed that the lifetime observations form a stationary
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α-mixing sequence. Also, the asymptotic normality of the nonlinear wavelet-based estimator of

the covariable’s density is considered.

In the sequel, {(Xk, Yk, Tk) =: ξk, k ≥ 1} is assumed to be a stationary α-mixing sequence of

random vectors distributed as (X,Y, T ), where T is the truncation variable. For the components

of (X,Y, T ), in addition to the assumptions and notation forX and Y we made above, we assume

throughout that T and (X,Y ) are independent, and T has continuous df G. Let F (·, ·) be the

joint df of (X,Y ). Without loss of generality, we assume that both Y and T are nonnegative

random variables. Recall that the sequence {ξk, k ≥ 1} is said to be α-mixing if the α-mixing

coefficient

α(n) := sup
k≥1

sup{|P (AB) − P (A)P (B)| : A ∈ F∞
n+k, B ∈ Fk

1 }

converges to zero as n → ∞, where Fm
l denotes the σ-algebra generated by ξl, ξl+1, . . . , ξm

with l ≤ m. Among various mixing conditions used in the literature, α-mixing is reasonably

weak and has many practical applications; see, e.g., Doukhan (1994), page 99, for more details;

and see Cai and Kim (2003) for motivation in the scope of Survival Analysis. In particular,

the stationary autoregressive-moving average (ARMA) processes, which are widely applied in

time series analysis, are α-mixing with exponential mixing coefficient, i.e., α(k) = ρk for some

0 < ρ < 1.

The rest of this paper is organized as follows. In the next section, we give some notation

for the left-truncation model. Basic elements of the wavelet theory, and the definition of the

nonlinear wavelet-based estimators ofm(·), v(·) and h(·) are given too. Main results are described

in Section 3, while their proofs are given in Section 4. In the Appendix, we collect some

preliminary lemmas, which are used in Section 4.

2 Notation and wavelet-based estimators

In the random left-truncation model, the lifetime Yi is interfered by the truncation random

variable Ti in such a way that both Yi and Ti are observable only when Yi ≥ Ti, whereas nothing

is observed if Yi < Ti for i = 1, · · · , N , where N is the potential sample size. Due to the

occurrence of truncation, the N is unknown, and n (the size of the actually observed sample)

is random with n ≤ N . Let θ = P(Y ≥ T ) be the probability that the random variable Y is

observable. Since θ = 0 implies that no data can be observed, we suppose throughout the paper

that θ > 0. Without confusion we still denote (Xi, Yi, Ti), i = 1, · · · , n the observed sequence.
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Following Stute (1993) the conditional dfs of Y and T given no occurrence of the truncation are

F ∗(y) = P(Y ≤ y|Y ≥ T ) = θ−1

∫ y

0
G(u)dF (u)

and G∗(y) = P(T ≤ y|Y ≥ T ) = θ−1
∫ ∞
0 G(y ∧ u)dF (u), which can be estimated by

F ∗
n(y) = n−1

n∑
i=1

I(Yi ≤ y) and G∗
n(y) = n−1

n∑
i=1

I(Ti ≤ y),

respectively, where I(·) is the indicator function. Since C(y) = P(T ≤ y ≤ Y |Y ≥ T ) =

θ−1G(y)[1 − F (y−)] = G∗(y) − F ∗(y−), the empirical estimator of C(y) is defined by

Cn(y) = n−1
n∑
i=1

I(Ti ≤ y ≤ Yi) = G∗
n(y) − F ∗

n(y−),

where for any df H, H(y−) denotes the left-limit of H at y.

Since N is unknown and n is known (although random), our results would not be stated with

respect to the probability measure P (related to the N -sample) but will involve the conditional

probability P with respect to the actually observed n-sample. Also E and E will denote the

expectation operators under P and P , respectively.

Following the idea of Lynden-Bell (1971), the nonparametric maximum likelihood estimators

of F and G are given by

1 − Fn(y) =
∏
i:Yi≤y

(
1 − 1

nCn(Yi)

)
and Gn(y) =

∏
i:Ti>y

(
1 − 1

nCn(Ti)

)
.

The estimator of θ is defined by θn = Gn(y)[1 − Fn(y−)]C−1
n (y). He and Yang (1998) proved

that θn does not depend on y and that it is well-defined whenever Cn(y) �= 0. For any df H, let

aH = inf{y : H(y) > 0} and bH = sup{y : H(y) < 1} be its two endpoints. Consequently, θ is

identifiable only if aG ≤ aF and bG ≤ bF .

Now we introduce some notation corresponding to wavelets. Let φ(x) and ψ(x) be father and

mother wavelets, having the properties: φ(·) and ψ(·) are bounded and compactly supported;∫
φ2 =

∫
ψ2 = 1, µk =

∫
ykψ(y)dy = 0 for 0 ≤ k ≤ r − 1 and µr = r!κ �= 0, where κ =

(r!)−1
∫
yrψ(y)dy. Let

φmj(x) = 2m/2φ(2mx− j), ψij(x) = 2i/2ψ(2ix− j), x ∈ R, m, i ∈ Z, (2.1)

then, the collection {φmj , ψij , j ∈ Z, i ≥ m} is an orthonormal basis (ONB) of L2(R). Further-

more, let Vm and Wi be linear subspaces of L2(R) with the ONB φmj , j ∈ Z and ψij , j ∈ Z

respectively, we have the following decomposition L2(R) = Vm ⊕Wm ⊕Wm+1 ⊕Wm+2 ⊕ · · · .
For more on wavelets see Daubechies (1992) or Härdle et al. (1998).
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Remark 2.1 Set K(t, x) =
∑∞

j=−∞ φ(t−j)φ(x−j). Then, K(t, x) has the following properties:

(i) K(t, x) is uniformly bounded; (ii) K(t, x) = 0 for |t − x| > 4L if support φ(x) ⊂ [−L,L];

(iii) K(t, x) satisfies the moment condition (cf. Härdle et al. (1998), Theorem 8.3, page 93),

i.e.,
∫

(t− x)kK(t, x)dt = δ0k for k = 0, 1, · · · , r − 1, where δij denotes the Kronecker delta [i.e.

δij = 1, if i = j; 0, otherwise].

If the function v(·) belongs to L2(R), we have the following wavelet expansion:

v(x) =
∞∑

j=−∞
amjφmj(x) +

∞∑
i=m

∞∑
j=−∞

aijψij(x), (2.2)

where amj =
∫
v(x)φmj(x)dx =

∫
φmj(x)V (dx) and aij =

∫
v(x)ψij(x)dx =

∫
ψij(x)V (dx) are

the wavelet coefficients of the function v(·) and the series in (2.2) converges in L2(R). These

coefficients can be estimated by replacing V by a proper empirical df. In our random left-

truncation model, to build estimator of V (·), we first consider the conditional joint distribution

of (X,Y, T )

H∗(x, y, t) = P(X ≤ x, Y ≤ y, T ≤ t|Y ≥ T ) =
1
θ

∫
u≤x

∫
aG≤w≤y

G(w ∧ t)F (du, dw).

Taking t = +∞, we get the conditional joint df of (X,Y )

F ∗(x, y) := P(X ≤ x, Y ≤ y|Y ≥ T ) = θ−1

∫
u≤x

∫
aG≤w≤y

G(w)F (du, dw),

from which we obtain

F (dx, dy) = θG−1(y)F ∗(dx, dy) for y > aG. (2.3)

Integrating over y we get the df of X, V (x) = θ
∫
u≤x

∫
y≥aG

1
G(y)F

∗(du, dy). A natural estimator

of V is then given by

Vn(x) =
θn
n

n∑
k=1

G−1
n (Yk)I(Xk ≤ x). (2.4)

Note that in Eq. (2.4) and the forthcoming formulae, the sum is taken only for k such that

Gn(Yk) �= 0. In view of (2.4), we define the non-linear wavelet estimator of v(x) as

v̂n(x) =
∞∑

j=−∞
âmjφmj(x) +

π∑
i=m

∞∑
j=−∞

âijI(|âij | > δ)ψij(x), (2.5)

where δ > 0 is a “threshold” and π ≥ 1 is another smoothing parameter, and the wavelet

coefficients âmj and âij are defined as follows:

âmj =
∫
φmjdVn =

θn
n

n∑
k=1

1
Gn(Yk)

φmj(Xk), âij =
∫
ψijdVn =

θn
n

n∑
k=1

1
Gn(Yk)

ψij(Xk). (2.6)

5



If the function h is square-integrable then its wavelet expansion is given by

h(x) =
∞∑

j=−∞
bmjφmj(x) +

∞∑
i=m

∞∑
j=−∞

bijψij(x), (2.7)

where bmj =
∫
h(x)φmj(x)dx and bij =

∫
h(x)ψij(x)dx. Note that

Hn(x) = θnn
−1

n∑
k=1

YkG
−1
n (Yk)I(Xk ≤ x)

is an estimator of H(x) =
∫
u≤x h(u)du (see Ould-Säıd and Lemdani (2006)). So, the proposed

non-linear wavelet estimator of h(x) is

ĥn(x) =
∞∑

j=−∞
b̂mjφmj(x) +

π∑
i=m

∞∑
j=−∞

b̂ijI(|b̂ij | > δ)ψij(x), (2.8)

where b̂mj = θnn
−1

∑n
k=1 YkG

−1
n (Yk)φmj(Xk), b̂ij = θnn

−1
∑n

k=1 YkG
−1
n (Yk)ψij(Xk). Further,

from (2.5) and (2.8), a wavelet estimator of m(x) is given by m̂(x) = ĥn(x)/v̂n(x).

3 Main results

In the sequel, let C,C0, C1, · · · and c denote generic finite positive constants, whose values are

unimportant and may change from line to line, An = O(Bn) stand for An ≤ CBn, an 
 bn mean

0 < lim inf an/bn ≤ lim supan/bn <∞. Throughout this paper, we assume that

aG < aF , bG ≤ bF <∞. (3.1)

Let xm = [2mx]/2m for x ∈ R and

Σ(x) =


 Σ0(x) Σ1(x)

Σ1(x) Σ2(x)


 , Σi(x) =

∫ ∫
y2−if(x, y)

G(y)

[∑
l

φ(u+ l)φ(l)
]2
dudy (i = 0, 1, 2).

In order to formulate the main results, we need to impose the following assumptions.

(A1) For all integers j ≥ 1, the joint conditional density v∗j (·, ·) of X1 and Xj+1 exists on R×R
and satisfies v∗j (t1, t2) ≤ C for all t1, t2 ∈ R with |t1 − t2| ≤ δ0 for some δ0 > 0.

(A2) (i) The density v(·) satisfies 0 < v(x) ≤ C2 for x ∈ R;

(ii) f(x, y) is bounded and continuous with respect to the first component.

(A3) The smoothing parameters π and δ are functions of n. Suppose that π → ∞ as n→ ∞ in

such a manner that 2πδ2 = O(n−ε) for some 0 < ε < 1, δ ≥ C3(n−1 ln(n))1/2.
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(A4) The sequence α(n) satisfies

(i) there exist positive integers p := p(n) and q := q(n) such that p + q ≤ n, and as

n→ ∞, p/n→ 0, qp−1 → 0 and (n/p)α(q) → 0;

(ii) there exist γ > 2 and η > 1 − 2/γ such that
∑∞

l=1 l
η[α(l)]1−2/γ <∞.

3.1 Asymptotic normality of covariate’s density

Theorem 3.1 In addition to the conditions on φ(·) and ψ(·) stated in Section 2 and the as-

sumptions (A1)-(A4) and equation (3.1). Assume that the r-th derivative v(r)(·) of v(·) is

continuous and bounded. Let α(k) = O(k−λ) for some

λ > max{3, d(d + µ)/(2µ), 1 + 4r/[ε(2r + 1)], (τ − 1)(2τ + 1)(2 − ε)/(2ε(τ − 2))}, (3.2)

where τ > 2, d > 2, µ > 0, and

ε(λ+ 1 + 2b) + 2b/(2r + 1) ≥ 2(b+ 1) for b > 1. (3.3)

If 2m 
 n1/(2r+1) and (p2m/n)d/2−12mµ/(d+µ) → 0, then

√
n2−m(v̂n(xm) − v(xm) − a(xm)) D→ N(0, σ2(x)) x ∈ R,

where a(x) = (r!)−1v(r)(x)2−rm
∫
ur[

∑
l φ(u + l)φ(l)]du and σ2(x) = θΣ2(x). Further, if

n2−(2r+1)m → 0, then
√
n2−m(v̂n(xm) − v(xm)) D→ N(0, σ2(x)).

3.2 Asymptotic normality of regression function

Theorem 3.2 Suppose that the assumptions in Theorem 3.1 are satisfied, and that the r-th

derivative h(r)(·) of h(·) is continuous and bounded. If

2m 
 (n ln(n))1/(2r+1) and (p2m/n)d/2−12mµ/(d+µ) → 0,

then
√
n2−m(m̂n(xm) −m(xm)) D→ N(0,∆2(x)) x ∈ R, where

∆2(x) =
θ[Σ0(x)v2(x) + Σ2(x)h2(x) − 2v(x)h(x)Σ1(x)]

v4(x)
.

Remark 3.1 In Theorems 3.1 and 3.2, if we replace α(k) = O(k−λ) by α(k) = O(ρk) for some

0 < ρ < 1, then (3.2) and (3.3) are automatically satisfied.
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4 Proofs of main results

We are now ready to prove our main results.

Proof of Theorem 3.1. By using Lemma 5.7 it follows that

v̂n(x) − v(x) − a(x)

=
∞∑

j=−∞
(âmj − amj)φmj(x) +

[ ∞∑
j=−∞

amjφmj(x) − v(x) − a(x)
]

+
π∑

i=m

∞∑
j=−∞

âijI(|âij | > δ)ψij(x)

=
∞∑

j=−∞
(ãmj − amj)φmj(x) +

[ ∞∑
j=−∞

amjφmj(x) − v(x) − a(x)
]

+
∞∑

j=−∞
Amjφmj(x) +

π∑
i=m

∞∑
j=−∞

AijI(|âij | > δ)ψij(x) +
π∑

i=m

∞∑
j=−∞

ãijI(|âij | > δ)ψij(x)

:= I1(x) + I2(x) + I3(x) + I4(x) + I5(x).

It suffices to show that

√
n2−mI1(xm) D→ N(0, σ2(x)), I2(xm) = o(2−rm),

√
n2−mI3(x) = op(1),

√
n2−mI4(x) = op(1),

√
n2−mI5(x) = op(1).

Step 1. We prove
√
n2−mI1(xm) D→ N(0, σ2(x)). It is easy to see that

√
n2−mI1(xm) =

n∑
k=1

{√
2m

n

(θK(2mXk, 2mxm)
G(Yk)

−
∫
v(t)K(2mt, 2mxm)dt

)}
:=

n∑
k=1

Znk,

where K(t, x) =
∑∞

j=−∞ φ(t− j)φ(x− j), Znk =
√

2m

n

(
θK(2mXk,2

mxm)
G(Yk) −∫

v(t)K(2mt, 2mxm)dt
)

and EZnk = 0. Let w := wn = [ n
p+q ] and

∑n
k=1 Znk = S′

n + S′′
n + S′′′

n , where

S′
n =

w∑
l=1

ynl, S
′′
n =

w∑
l=1

y′nl, S
′′′
n = y′nw+1,

ynl =
sl+p−1∑
i=sl

Zni, y
′
nl =

tl+q−1∑
i=tl

Zni, y
′
nw+1 =

n∑
i=w(p+q)+1

Zni

and sl = (l− 1)(p+ q) + 1, tl = (l− 1)(p+ q) + p+ 1, l = 1, . . . , w. It is sufficient to prove that

E(S′′
n)

2 → 0, E(S′′′
n )2 → 0, (4.1)

Var(S′
n) → σ2(x), (4.2)∣∣∣E exp

(
it

w∑
l=1

ynl

)
−

w∏
l=1

E exp(itynl)
∣∣∣ → 0, (4.3)

An(ε) =
w∑
l=1

Ey2
nlI(|ynl| > εσ(x)) → 0 ∀ε > 0. (4.4)
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Relation (4.1) implies that S′′
n and S′′′

n are asymptotically negligible, (4.3) shows that the sum-

mands ynl in S′
n are asymptotically independent, and (4.2) and (4.4) are the standard Lindeberg-

Feller conditions for asymptotic normality of S′
n under independence.

We first establish (4.1). We observe that

E(S′′
n)

2 =
w∑
l=1

tl+q−1∑
i=tl

EZ2
ni + 2

w∑
l=1

∑
tl≤i<j≤tl+q−1

Cov(Zni, Znj) + 2
∑

1≤i<j≤w
Cov(y′ni, y

′
nj)

:= I11(xm) + I12(xm) + I13(xm). (4.5)

From K(t, x) = K(t+ k, x+ k) for k ∈ Z and (2.3), it follows that

nEZ2
ni = 2mE

(θ2K2(2mX1, 2mxm)
G2(Y1)

)
− 2m

( ∫
v(t)K(2mt, 2mxm)dt

)2

= 2mθ
∫ ∫

f(t, y)
G(y)

K2(2mt, 2mxm)dtdy − 2m
(∫

v(t)K(2mt, 2mxm)dt
)2

= 2mθ
∫ ∫

f(t, y)
G(y)

K2(2mt− 2mxm, 0)dtdy − 2m
( ∫

v(t)K(2mt− 2mxm, 0)dt
)2

= θ

∫ ∫
f(2−mu+ xm, y)

G(y)
K2(u, 0)dudy − 1

2m
(∫

v(2−mu+ xm)K(u, 0)du
)2

→ θ

∫ ∫
f(x, y)
G(y)

K2(u, 0)dudy = θ

∫ ∫
f(x, y)
G(y)

[∑
l

φ(u+ l)φ(l)
]2
dudy, (4.6)

which yields that I11(xm) = O(wq/n) = O(q/p) = o(1). Note that

|I12(xm)| ≤ 2
∑

1≤i<j≤n
|Cov(Zni, Znj)| and |I13(xm)| ≤ 2

∑
1≤i<j≤n

|Cov(Zni, Znj)|.

Therefore, in order to prove I12(xm) = o(1) and I13(xm) = o(1), we need only to show that

∑
1≤i<j≤n

|Cov(Zni, Znj)| → 0. (4.7)

Next, let cn (specified below) be a sequence of integers such that cn → ∞ and cn2−m → 0. Put

S1 = {(i, j)|i, j ∈ {1, 2, · · · , n}, 1 ≤ j − i ≤ cn},
S2 = {(i, j)|i, j ∈ {1, 2, · · · , n}, cn + 1 ≤ j − i ≤ n− 1}.

We write

∑
1≤i<j≤n

|Cov(Zni, Znj)| =
∑
S1

|Cov(Zni, Znj)| +
∑
S2

|Cov(Zni, Znj)|. (4.8)
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From (A1), similarly as in (4.6), for i < j we have

|Cov(Zni, Znj)|
=

2m

n

{
E

(θK(2mXi, 2mxm)
G(Yi)

· θK(2mXj , 2mxm)
G(Yj)

)
−

( ∫
v(t)K(2mt, 2mxm)dt

)2}

≤ 2m

n

{ θ2

G2(aF )
E|K(2mXi, 2mxm)K(2mXj , 2mxm)| +

(∫
v(t)K(2mt, 2mxm)dt

)2}

=
2m

n

{ θ2

G2(aF )

∫ ∫
|K(2mt1, 2mxm)K(2mt2, 2mxm)|v∗j−i(t1, t2)dt1dt2

+
(∫

v(t)K(2mt, 2mxm)dt
)2}

≤ 2m

n

{
C

∫ ∫
|K(2mt1 − 2mxm, 0)K(2mt2 − 2mxm, 0)|dt1dt2

+
(∫

v(t)K(2mt− 2mxm, 0)dt
)2}

= O((n2m)−1). (4.9)

Hence
∑
S1

|Cov(Zni, Znj)| = O(cn2−m) → 0. (4.10)

On the other hand, it follows from Lemma 5.1 that |Cov(Zni, Znj)| ≤ C[α(j−i)]1−2/γ (E|Zni|γ)2/γ
and

E|Zni|γ ≤ 2γ
(2m

n

)γ/2
E

∣∣∣θK(2mXk, 2mxm)
G(Yk)

∣∣∣γ ≤
(2m

n

)γ/2 2γθγ

Gγ(aF )

∫
|K(2mt, 2mxm)|γv(t)dt

=
(2m

n

)γ/2 2γθγ

Gγ(aF )
· 2−m

∫
|K(u, 0)|γv(2−mu+ xm)du = O(n−1(2m/n)γ/2−1). (4.11)

Then

∑
S2

|Cov(Zni, Znj)| ≤ C

n∑
j=1

n−1∑
j−i=cn+1

[α(j − i)]1−2/rn−12(1−2/γ)m

≤ C2(1−2/γ)m
∞∑
l=cn

[α(l)]1−2/γ ≤ Cc−ηn 2(1−2/γ)m
∞∑
l=cn

lη[α(l)]1−2/γ .

Hence, by choosing cn = 2m(1−2/γ)/η , from (A4) it follows that
∑
S2

|Cov(Zni, Znj)| → 0. (4.12)

Therefore, (4.7) follows from (4.8), (4.10) and (4.12).

As to E(S′′′
n )2, from (4.6), (4.7) and (A4)(i) we have

E(S′′′
n )2 =

n∑
i=w(p+q)+1

Var(Zni) + 2
∑

w(p+q)+1≤i<j≤n
Cov(Zni, Znj)

≤ C · n− w(p + q)
n

+ 2
∑

1≤i<j≤n
|Cov(Zni, Znj)| → 0

10



and (4.1) is proved. Besides, since wp/n → 1, (4.2) follows from (4.6) and (4.7). As to (4.3),

according to Lemma 5.2 we have

∣∣∣E exp
(
it

w∑
l=1

ynl

)
−

w∏
l=1

E exp(itynl)
∣∣∣ ≤ 16wα(q + 1) ≤ C(n/p)α(q),

which tends to zero by (A4)(i).

Finally, we establish (4.4). Here, we use Lemma 5.3 to evaluate An(ε). Let d > 2 and µ > 0

such that λ > d(d+µ)
2µ , by using Lemma 5.3 and (4.11), for sufficiently small β > 0 we have

An(ε) ≤ (εσ(x))2−d
w∑
l=1

E|ynl|d

≤ C(εσ(x))2−d
w∑
l=1

{
pβ

sl+p−1∑
i=sl

E|Zni|d +
( sl+p−1∑

i=sl

‖Zni‖2
d+µ

)d/2}

≤ C
{
wpβ+1n−1(2m/n)d/2−1 +wpd/2

(
n−1(2m/n)(d+µ)/2−1

)d/(d+µ)}

≤ C(p2m/n)d/2−12mµ/(d+µ) → 0.

Step 2. We verify I2(xm) = o(2−rm). From Remark 2.1, by applying an argument similar as

that in (4.6) and a Taylor expansion, it follows that

I2(xm) =
∫

[v(t) − v(xm)]2mK(2mt, 2mxm)dt − a(xm)

=
∫

[v(xm + 2−mu) − v(xm)]K(u, 0)du − a(xm)

=
∫ r∑

k=1

v(k)(xm)
k!

2−kmukK(u, 0)du + o(2−rm) − a(xm)

=
v(r)(xm)

r!
2−rm

∫
urK(u, 0)du + o(2−rm) − a(xm) = o(2−rm).

Step 3. We prove
√
n2−mI3(x) = op(1) and

√
n2−mI4(x) = op(1). From Lemma 5.7 we have

√
n2−m|I3(x)| = O

(( ln ln(n)
n

)1/2)√
n2−m · θ

n

n∑
k=1

∞∑
j=−∞

2m
|φ(2mXk − j)|

G(Yk)
|φ(2mx− j)| a.s.

and, for each m, since the support of φ(·) is compact, there exists a finite number of non-zero j

terms of the form φ(2mx− j). Hence, according to

θ2mE
( |φ(2mXk − j)|

G(Yk)

)
= 2m

∫
|φ(2mx− j)|v(x)dx =

∫
|φ(u)|v((u + j)/2m)du = O(1)

we have
√
n2−mI3(x) = Op((2−m ln ln(n))1/2) = op(1).
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Note that

√
n2−m|I4(x)| = O

(( ln ln(n)
n

)1/2)√
n2−m · θ

n

π∑
i=m

n∑
k=1

∞∑
j=−∞

|ψij(Xk)||ψij(x)|
G(Yk)

a.s.,

and the compactness of the support of ψ(·) implies that, for each i, there exists a finite number

of non-zero j terms ψij(x). So, from

θE
( |ψij(Xk)||ψij(x)|

G(Yk)

)
= 2i|φ(2ix− j)|

∫
|ψ(2it− j)|v(t)dt

= |φ(2ix− j)|
∫

|ψ(u)|v((u + j)/2i)du = O(1)

and π = O(ln(n)), it follows that
√
n2−mI4(x) = Op(π(2−m ln ln(n))1/2) = op(1).

Step 4. We prove
√
n2−mI5(x) = op(1). Note that

I5(x) =
π∑

i=m

∞∑
j=−∞

(ãij − aij)I(|âij | > δ)ψij(x) +
π∑

i=m

∞∑
j=−∞

aijI(|âij | > δ)ψij(x)

:= I51(x) + I52(x).

Let βi (i = 1, 2, 3, 4) be positive numbers such that β1 + β2 = 1 and β3 + β4 = 1, then

|I51(x)| ≤
π∑

i=m

∞∑
j=−∞

|ãij − aij||ψij(x)|I(|aij | > β1δ)

+
π∑

i=m

∞∑
j=−∞

|ãij − aij||ψij(x)|I(|ãij − aij| > β2β3δ)

+
π∑

i=m

∞∑
j=−∞

|ãij − aij||ψij(x)|I(|Aij | > β2β4δ)

≤
π∑

i=m

∞∑
j=−∞

|ãij − aij||ψij(x)|I(|aij | > β1δ)

+2
π∑

i=m

∞∑
j=−∞

|ãij − aij ||ψij(x)|I(|ãij − aij | > β2β3δ)

+
π∑

i=m

∞∑
j=−∞

|ãij − aij||ψij(x)|I(|Aij | > β2β4δ, |ãij − aij | ≤ β2β3δ)

:= I511(x) + 2I512(x) + I513(x).

Since the r-th derivative v(r)(·) of v(·) is continuous and bounded, by a Taylor expansion, it

12



follows that

aij = 2−i/2
∫
ψ(u)v

(u+ j

2i
)
du = 2−i/2

∫
ψ(u)

[ r−1∑
l=0

1
l!

(u/2i)lv(l)(j/2i)

+
1

(r − 1)!
(u/2i)r

∫ 1

0
(1 − t)r−1v(r)((j + tu)/2i)dt

]
du

= 2−(r+1/2)i 1
(r − 1)!

∫
urψ(u)

[ ∫ 1

0
(1 − t)r−1v(r)((j + tu)/2i)dt

]
du, (4.13)

which yields that |aij | ≤ c2−(r+1/2)i, and I(|aij | > β1δ) = 0 for large n by 2(r+1/2)iδ ≥
2(r+1/2)mδ → ∞. Hence,

√
n2−mI511(x) = op(1).

Let a be positive constant such that a−1 + b−1 = 1. Since there exists a finite number of

non-zero j terms ψij(x), by the Hölder inequality and Lemma 5.9 we have

EI2
512(x) ≤ Cπ

π∑
i=m

∞∑
j=−∞

E{(ãij − aij)2ψ2
ij(x)I(|ãij − aij | > β2β3δ)}

≤ Cπ

π∑
i=m

∞∑
j=−∞

ψ2
ij(x)E

1/a|ãij − aij |2aP 1/b(|ãij − aij | > β2β3δ)

≤ Cπ

π∑
i=m

∞∑
j=−∞

ψ2
ij(x)n

−1P 1/b(|ãij − aij| > β2β3δ).

Next, we evaluate P (|ãij − aij | > β2β3δ). Set ξijk = θ
G(Yk)ψij(Xk). Then Eξijk = aij and

|ξijk − Eξijk| ≤ C2i/2 := S, E(ξijk − Eξijk)2 ≤ Eξ2ijk ≤ C, |Cov(ξijs, ξijt)| = O(2−i) for s �= t.

Hence, by Lemma 5.5, taking m = ∞, for N ∈ N, 0 < N ≤ n/2 we have

DN = max
1≤l≤2N

Var
( l∑
k=1

ξijk

)
≤ CN

(
(2i/2)2/r(2−i)1−1/r + C

)
≤ CN. (4.14)

So, according to Lemma 5.4, taking N = [(δ22i)−1/2], it follows that

P (|ãij − aij | > β2β3δ) = P
(∣∣∣

n∑
k=1

(ξijk −Eξijk)
∣∣∣ > nβ2β3δ

)

≤ 4 exp
{
− n2β2

2β
2
3δ

2/16
nN−1DN + Cnβ2β3δSN

}
+

32S
nβ2β3δ

nα(N)

≤ 4 exp{−C4δ
2n} + C(2i(λ+1)δ2(λ−1))1/2. (4.15)

Then

EI2
512(x) ≤ Cπ

π∑
i=m

2in−1
{

exp{−C5δ
2n} + C(2i(λ+1)δ2(λ−1))1/(2b)

}

≤ C
π2π

n
exp{−C5δ

2n} + C
π

n
2π[(λ+1)/(2b)+1]δ(λ−1)/b

= o(n−2r/(2r+1)) = o(n−12m),
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which follows by choosing δ ≥ C3(n−1 ln(n))1/2 with C3 such that C3C5 = 2r/(2r + 1), and by

noticing that 2πδ2 = O(n−ε), δ ≥ C3(n−1 ln(n))1/2 and ε(λ + 1 + 2b) + 2b/(2r + 1) ≥ 2(b + 1)

imply n−1π2π[(λ+1)/(2b)+1]δ(λ−1)/b = o(n−2r/(2r+1)). Therefore
√
n2−mI512(x) = op(1).

Similarly to the arguments in (4.14), it follows that Var(θ
∑n

k=1 |ψij(Xk)|G−1(Yk)) ≤ Cn.

Hence

EA2
ij = O

( ln ln(n)
n

)
E

( θ
n

n∑
k=1

|ψij(Xk)|
G(Yk)

)2

= O
( ln ln(n)

n

){
Var

( θ
n

n∑
k=1

|ψij(Xk)|
G(Yk)

)
+

(
θE|ψij(X1)|G−1(Y1)

)2}

= O
( ln ln(n)

n

){ 1
n

+
1
2i

}
. (4.16)

Then

EI2
513(x) ≤ Cπ

π∑
i=m

∞∑
j=−∞

ψ2
ij(x)EA

2
ij = O

( ln ln(n)
n

)
π

π∑
i=m

{2i

n
+ 1

}

= O
( ln ln(n)

n

){π2π

n
+ π2

}
= o(n−12m),

which yields
√
n2−mI513(x) = op(1). As to I52(x), we have

|I52(x)| ≤
π∑

i=m

∞∑
j=−∞

|aijψij(x)|I(|aij | > β1δ) +
π∑

i=m

∞∑
j=−∞

|aijψij(x)|I(|ãij − aij | > β2β3δ)

+
π∑

i=m

∞∑
j=−∞

|aijψij(x)|I(|Aij | > β2β4δ)

:= I521(x) + I522(x) + I523(x).

By I(|aij | > β1δ) = 0 for large n, we have
√
n2−mI521(x) = op(1). Since 2πδ2 = O(n−ε),

δ ≥ C3(n−1 ln(n))1/2 and λ > 1 + 4r/[ε(2r + 1)] imply π2π[(λ+1)/2−2r]δλ−1 = o(n−2r/(2r+1)),

from (4.15) and (4.16), it follows that

EI2
522(x) ≤ π

π∑
i=m

∞∑
j=−∞

a2
ijψ

2
ij(x)P (|ãij − aij | > β2β3δ)

≤ Cπ
π∑

i=m

{
2−2ri exp(−C4δ

2n) + 2i[(λ+1)/2−2r]δλ−1
}

≤ Cπ
{
2−2rm exp(−C4δ

2n) + 2π[(λ+1)/2−2r]δλ−1
}

= o(n−2r/(2r+1)) = o(n−12m),

EI2
523(x) ≤ π

π∑
i=m

∞∑
j=−∞

a2
ijψ

2
ij(x)δ

−2EA2
ij = O

( ln ln(n)
n

)
δ−2π

π∑
i=m

2−2ri
{ 1
n

+
1
2i

}

= O
( ln ln(n)

n

)
δ−2π

{
n−12−2rm + 2−(2r+1)m

}
= o(n−12m).
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Therefore,
√
n2−mI522(x) = op(1) and

√
n2−mI523(x) = op(1). �

Proof of Theorem 3.2. We write

ĥn(x) − h(x) =
∞∑

j=−∞
(b̃mj − bmj)φmj(x) +

[ ∞∑
j=−∞

bmjφmj(x) − h(x)
]

+
∞∑

j=−∞
Bmjφmj(x)

+
π∑

i=m

∞∑
j=−∞

BijI(|b̂ij | > δ)ψij(x) +
π∑

i=m

∞∑
j=−∞

b̃ijI(|b̂ij | > δ)ψij(x)

:= Λ1(x) + Λ2(x) + Λ3(x) + Λ4(x) + Λ5(x),

v̂n(x) − v(x) =
∞∑

j=−∞
(ãmj − amj)φmj(x) +

[ ∞∑
j=−∞

amjφmj(x) − v(x)
]

+
∞∑

j=−∞
Amjφmj(x)

+
π∑

i=m

∞∑
j=−∞

AijI(|âij | > δ)ψij(x) +
π∑

i=m

∞∑
j=−∞

ãijI(|âij | > δ)ψij(x)

:= I1(x) + I ′2(x) + I3(x) + I4(x) + I5(x).

From the proof of Theorem 3.1 it follows that

√
n2−mI ′2(xm) = o(1),

√
n2−mIi(x) = op(1) (i = 3, 4, 5). (4.17)

Since (3.1) implies that Y is bounded, by using arguments similar to those in the proof of

Theorem 3.1, one can verify that

√
n2−mΛ2(xm) = o(1),

√
n2−mΛi(x) = op(1) (i = 3, 4, 5). (4.18)

Next we prove

√
n2−m(Λ1(xm), I1(xm))τ D→ N(0, θΣ(x)). (4.19)

Consider the mapping L(·) from R
2 to R defined by L(x, y) = x/y for y �= 0. Since

m̂n(x) and m(x) are the respective images of (ĥn(x), v̂n(x)) and (h(x), v(x)) by L(·), we de-

duce from Lemmas 6.7 to 6.9 and from Mann-Wald’s Theorem (see Rao 1965, page 321) that√
n2−m(m̂n(x)−m(x)) converges in distribution to N(0, θ∇LτΣ(x)∇L) by (4.17)-(4.19), where

the gradient ∇L is evaluated at (h(x), v(x)), i.e., ∇L = (1/v(x),−h(x)/v2(x))τ . Therefore

∆2(x) = θ∇LτΣ(x)∇L = θ(1/v(x),−h(x)/v2(x))


 Σ0(x) Σ1(x)

Σ1(x) Σ2(x)





 1/v(x)

−h(x)/v2(x)




=
θ[Σ0(x)v2(x) + Σ2(x)h2(x) − 2v(x)h(x)Σ1(x)]

v4(x)
.
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To prove (4.19), it suffices to show that, for any given pair of real numbers A = (a1, a2)τ �= 0

√
n2−m(a1Λ1(xm) + a2I1(xm)) D→ N(0, τ2(x)) (4.20)

with τ2(x) = θAτΣ(x)A = θ[a2
1Σ0(x) + a2

2Σ2(x) + 2a1a2Σ1(x)]. Put

Wni = a1

√
2m

n

(θYiK(2mXi, 2mxm)
G(Yi)

−
∫
h(t)K(2mt, 2mxm)dt

)

+a2

√
2m

n

(θK(2mXi, 2mxm)
G(Yi)

−
∫
v(t)K(2mt, 2mxm)dt

)
.

Then EWni = 0. Let the definitions of w, sl and tl be the same as in Step 1 in the proof of

Theorem 3.1. Define unl =
∑sl+p−1

i=sl
Wni, u′nl =

∑tl+q−1
i=tl

Wni, u′′nw+1 =
∑n

i=w(p+q)+1Wni. Then

√
n2−m(a1Λ1(xm) + a2I1(xm)) =

n∑
i=1

Wni =
w∑
l=1

unl +
w∑
l=1

u′nl + u′′nw+1 := Ω′
n + Ω′′

n + Ω′′′
n .

Hence, for (4.20), we only need to prove that

E(Ω′′
n)

2 → 0, E(Ω′′′
n )2 → 0, (4.21)

Var(Ω′
n) → τ2(x), (4.22)∣∣∣E exp

(
it

w∑
l=1

unl

)
−

w∏
l=1

E exp(itunl)
∣∣∣ → 0, (4.23)

gn(ε) =
w∑
l=1

Eξ2nlI(|unl| > ετ(x)) → 0 ∀ε > 0. (4.24)

We first prove (4.21). We observe that

E(Ω′′
n)

2 =
w∑
l=1

tl+q−1∑
i=tl

EW 2
ni + 2

w∑
l=1

∑
tl≤i<j≤tl+q−1

Cov(Wni,Wnj) + 2
∑

1≤i<j≤w
Cov(u′ni, u

′
nj)

:= J1(xm) + J2(xm) + J3(xm).
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Similarly to the arguments in (4.6), we have

nEW 2
ni = a2

1

[
2mE

(θ2Y 2
i K

2(2mXi, 2mxm)
G2(Yi)

)
− 2m

(∫
h(t)K(2mt, 2mxm)dt

)2]

+a2
2

[
2mE

(θ2K2(2mXi, 2mxm)
G2(Yi)

)
− 2m

(∫
v(t)K(2mt, 2mxm)dt

)2]

+2a1a2

[
2mE

(θ2YiK
2(2mXi, 2mxm)
G2(Yi)

)

−2m
( ∫

h(t)K(2mt, 2mxm)dt
)(∫

v(t)K(2mt, 2mxm)dt
)]

= a2
1

[
θ

∫ ∫
y2f(2−mu+ xm, y)

G(y)
K2(u, 0)dudy − 1

2m
(∫

h(2−mu+ xm)K(u, 0)du
)2]

+a2
2

[
θ

∫ ∫
f(2−mu+ xm, y)

G(y)
K2(u, 0)dudy − 1

2m
( ∫

v(2−mu+ xm)K(u, 0)du
)2]

+2a1a2

[
θ

∫ ∫
yf(2−mu+ xm, y)

G(y)
K2(u, 0)dudy

− 1
2m

( ∫
h(2−mu+ xm)K(u, 0)du

)(∫
v(2−mu+ xm)K(u, 0)du

)]

→ θ
[
a2

1

∫ ∫
y2f(x, y)
G(y)

K2(u, 0)dudy + a2
2

∫ ∫
f(x, y)
G(y)

K2(u, 0)dudy

+2a1a2

∫ ∫
yf(x, y)
G(y)

K2(u, 0)dudy
]

= τ2(x), (4.25)

which yields that J1(xm) = O(wq/n) → 0.

Similarly to the arguments in Step 1 in the proof of Theorem 3.1, to prove J2(xm) →
0, J3(xm) → 0 and E(Ω′′′

n )2 → 0, we only need to show that

∑
1≤i<j≤n

|Cov(Wni,Wnj)| → 0. (4.26)

Note that

∑
1≤i<j≤n

|Cov(Wni,Wnj)| =
∑
S1

|Cov(Wni,Wnj)| +
∑
S2

|Cov(Wni,Wnj)|, (4.27)

where the definition of S1 and S2 is the same as in Theorem 3.1.
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From (A1), (2.3) and (3.1), similarly to the arguments in (4.6) or (4.9), for i < j we have

|Cov(Wni,Wnj)|
=

∣∣∣E{
a2

1

2m

n
· θ

2YiYjK(2mXi, 2mxm)K(2mXj , 2mxm)
G(Yi)G(Yj)

+a1a2
2m

n
· θ

2YiK(2mXi, 2mxm)K(2mXj , 2mxm)
G(Yi)G(Yj)

+a1a2
2m

n
· θ

2YjK(2mXi, 2mxm)K(2mXj , 2mxm)
G(Yi)G(Yj)

+a2
2

2m

n
· θ

2K(2mXi, 2mxm)K(2mXj , 2mxm)
G(Yi)G(Yj)

}

−
[
E

(
a1

√
2m

n
· θYjK(2mXi, 2mxm)

G(Yi)
+ a2

√
2m

n
· θK(2mXi, 2mxm)

G(Yi)

)]2∣∣∣
≤ C

2m

n
E|K(2mXi, 2mxm)K(2mXj , 2mxm)|

+
(
a1

√
2m

n

∫ ∫
yf(t, y)K(2mt, 2mxm)dtdy + a2

√
2m

n

∫
v(t)K(2mt, 2mxm)dt

)2}

≤ C

n2m

∫ ∫
|K(t1, 0)K(t2, 0)|dt1dt2 +

[ a1√
n2m

∫ ∫
yf(2−mu+ xm, y)K(u, 0)dudy

+
a2√
n2m

∫
v(2−mu+ xm)K(u, 0)du

]2
= O((n2m)−1). (4.28)

Hence

∑
S1

|Cov(Wni,Wnj)| = O(cn2−m) → 0. (4.29)

On the other hand, it follows from Lemma 5.1 that |Cov(Wni,Wnj)| ≤ C[α(j−i)]1−2/γ (E|Wni|γ)2/γ
and

E|Wni|γ ≤ C
(2m

n

)γ/2
E

∣∣∣θYiK(2mXi, 2mxm)
G(Yi)

∣∣∣γ ≤ C
(2m

n

)γ/2
2−m

∫
|K(u, 0)|γv(2−mu+ xm)du

= O(n−1(2m/n)γ/2−1). (4.30)

Similarly to the arguments in Step 1 of the proof of Theorem 3.1, (4.30) and (A4) imply∑
S2

|Cov(Wni,Wnj)| → 0, further (4.26) holds by (4.27) and (4.29).

We now verify (4.22). Note that

Var(Ω′
n) =

w∑
l=1

sl+p−1∑
i=sl

EW 2
ni + 2

w∑
l=1

∑
sl≤i<j≤sl+p−1

Cov(Wni,Wnj) + 2
∑

1≤i<j≤w

si+p−1∑
l1=si

sj+p−1∑
l2=sj

Cov(Wnl1 ,Wnl2).

Then, from wp/n→ 1, and (4.25)-(4.26), it follows that Var(Ω′
n) → τ2(x).

Following the lines in the proof of Theorem 3.1, one can verify (4.23).
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By using (4.30), from the proof of An(ε) → 0 in Theorem 3.1, gn(ε) → 0 can be proved

similarly. �
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5 Appendix

In this section, we give some preliminary Lemmas, which have been used in Section 4. Let

{Zi, i ≥ 1} be a sequence of α-mixing real random variables with the mixing coefficients {α(k)}.

Lemma 5.1 (Hall and Heyde (1980), Corollary A.2, p. 278) Suppose that X and Y are

random variables such that E|X|p <∞, E|X|q <∞, where p, q > 1, p−1 + q−1 < 1. Then

|EXY − EXEY | ≤ 8‖X‖p‖Y ‖q{ sup
A∈σ(X),B∈σ(Y )

|P (AB) − P (A)P (B)|}1−p−1−q−1
.

Lemma 5.2 (Volkonskii and Rozanov, 1959) Let V1, · · · , Vn be α-mixing random vari-

ables measurable with respect to the σ-algebra F j1
i1
, · · · ,F jm

im
, respectively, with 1 ≤ i1 < j1 <

· · · < jm ≤ n, il+1 − jl ≥ w ≥ 1 and |Vj| ≤ 1 for l, j = 1, 2, · · · ,m. Then

∣∣∣E( m∏
j=1

Vj

)
−

m∏
j=1

EVj

∣∣∣ ≤ 16(m− 1)αw,

where Fb
a = σ{Vi, a < i ≤ b} denotes σ-field generated by Va+1, Va+2, · · · , Vb, αn is the mixing

coefficient.

Lemma 5.3 (Yang (2007), Theorem 2.2) Let λ > 2, µ > 0, EZi = 0 and E|Zi|λ+µ < ∞.

Suppose that α(n) = O(n−r) for r > λ(λ + µ)/(2µ). Then, for any given ε > 0, there

exists constant C = C(r, µ, ε, λ) such that Emax1≤k≤n |
∑k

i=1 Zi|λ ≤ C{nε∑n
i=1E|Zi|λ +

(
∑n

i=1 ‖Zi‖2
λ+µ)

λ/2}.
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Lemma 5.4 (Liebscher (2001), Proposition 5.1) Assume that EZi = 0 and |Zi| ≤ S <

∞ a.s. (i = 1, 2, · · · , n). Then, for n,N ∈ N, 0 < N ≤ n/2, ε > 0,

P
(∣∣∣

n∑
i=1

Zi

∣∣∣ > ε
)
≤ 4 exp

{
− ε2

16

(
nN−1DN +

1
3
εSN

)−1}
+ 32

S

ε
nα(N),

where DN = max1≤j≤2N Var(
∑j

i=1 Zi).

Lemma 5.5 (Liebscher (1996), Lemma 2.3) Assume α(k) ≤ C1k
−r, for some r > 1, C1 >

0. Let sup1≤i,j≤n,i�=j |Cov(Zi, Zj)| := R∗(n) < ∞ be satisfied. Moreover, let Rm(n) < ∞ for

some m, 2r/(r − 1) < m ≤ ∞, where Rm(n) = sup1≤i≤n(E|Zi|m)1/m, for 1 ≤ m < ∞, and

R∞(n) = sup1≤i≤n ess sup w∈Ω|Zi|. Then

Var
( n∑
i=1

Zi

)
≤ n

{
C2(r,m)(Rm(n))2m/(r(m−2))(R∗(n))1−m/(r(m−2)) +R2

2(n)
}

holds with C2(r,m) := 20r−40r/m
r−1−2r/mC

1/r
1 .

Lemma 5.6 (Liang et al. (2008)) Suppose that α(k) = O(k−r) for some r > 3. Then

sup
y

|Gn(y) −G(y)| = O((ln ln(n)/n)1/2) a.s., |θn − θ| = O((ln ln(n)/n)1/2) a.s..

Lemma 5.7 Let âmj , âij , b̂mj , b̂ij be as defined in Section 2. Set

ãmj =
θ

n

n∑
k=1

1
G(Yk)

φmj(Xk), ãij =
θ

n

n∑
k=1

1
G(Yk)

ψij(Xk),

b̂mj =
θ

n

n∑
k=1

Yk
G(Yk)

φmj(Xk), b̂ij =
θ

n

n∑
k=1

Yk
G(Yk)

ψij(Xk).

Then, under the assumption α(n) = O(n−r) for some r > 3, we have

âmj = ãmj +Amj , âij = ãij +Aij , b̂mj = b̃mj +Bmj , b̂ij = b̃ij +Bij ,

where

Amj = O
(( ln ln(n)

n

)1/2) · θ
n

n∑
k=1

|φmj(Xk)|
G(Yk)

a.s.,

Aij = O
(( ln ln(n)

n

)1/2) · θ
n

n∑
k=1

|ψij(Xk)|
G(Yk)

a.s.,

Bmj = O
(( ln ln(n)

n

)1/2) · θ
n

n∑
k=1

|Ykφmj(Xk)|
G(Yk)

a.s.,

Bij = O
(( ln ln(n)

n

)1/2)
· θ
n

n∑
k=1

|Ykψij(Xk)|
G(Yk)

a.s..
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Proof. We observe that

âmj =
θ

n

n∑
k=1

1
G(Yk)

φmj(Xk) +
[θn − θ

n

n∑
k=1

1
Gn(Yk)

φmj(Xk) +
θ

n

n∑
k=1

( 1
Gn(Yk)

− 1
G(Yk)

)
φmj(Xk)

]

:= ãmj +Amj .

According to (3.1) and Lemma 5.6 we have

|Amj | ≤ |θn − θ|
nGn(aF )

n∑
k=1

|φmj(Xk)| +
θ supy |Gn(y) −G(y)|

nGn(aF )

n∑
k=1

|φmj(Xk)|
G(Yk)

≤ |θn − θ|
n[G(aF ) − supy |Gn(y) −G(y)|]

n∑
k=1

|φmj(Xk)|

+
θ supy |Gn(y) −G(y)|

n[G(aF ) − supy |Gn(y) −G(y)|]
n∑
k=1

|φmj(Xk)|
G(Yk)

= O
(( ln ln(n)

n

)1/2) · θ
n

n∑
k=1

|φmj(Xk)|
G(Yk)

a.s..

The others can be verified by the same manner. �

Lemma 5.8 (Bradley (1983), Theorem 3) Let η and ξ be real-valued random variables.

Suppose U is a uniform-[0, 1] random variable, independent of (η, ξ). Then there exists a real-

valued random variable ξ∗, measurable w.r.t. (η, ξ, U), such that

(1) ξ∗ is independent of η,

(2) the probability distributions of ξ∗ and ξ are identical, and

(3) P (|ξ∗−ξ| ≥ ε) ≤ 18(‖ξ‖r/ε)r/(2r+1){supA∈σ(ξ),B∈σ(η) |P (AB)−P (A)P (B)|}2r/(2r+1), where

0 < ε ≤ ‖ξ‖r, when ‖ξ‖r > 0, and ε > 0, when ‖ξ‖r = 0 and ‖ξ‖∞ = ess sup |ξ|.

Remark 5.1 Bradley (1983), Theorem 3, considers only the case ‖ξ‖r > 0. Actually, if ‖ξ‖r =

0, then ξ = 0 a.s.; hence, on choosing ξ∗ = ξ = 0 a.s., then, for any ε > 0, (1), (2) and (3) in

Lemma 5.8 are still true.

Lemma 5.9 Let τ > 2. Under the assumptions of Theorem 3.1, if λ ≥ (τ − 1)(2τ + 1)(2 −
ε)/(2ε(τ − 2)), then E|ãij − aij |τ = O(n−τ/2), E|b̃ij − bij|τ = O(n−τ/2).

Proof. Following the lines of Lemma 4.5 in Liang et al. (2005), one can verify Lemma 5.9. For

the sake of completeness, here we give the proof of the second equation, the proof of the first
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equation is analogous. Choose r(n) = [(n2−π)(τ−2)/(2(τ−1)) ], and positive integers k(n) and γ(n)

such that n = r(n)k(n) + γ(n), with 0 ≤ γ(n) < r(n). Set Wk = 1
n(θYkψij(Xk)

G(Yk) − bij). Then

b̃ij − bij =
k(n)∑
l=1

lr(n)∑
j=(l−1)r(n)+1

Wj +
n∑

j=r(n)k(n)+1

Wj.

The contribution of the remainder term
∑n

i=r(n)k(n)+1Wi is negligible (and is subsequently

ignored) since it consists of at most r(n) terms. So, without loss of generality, we assume

γ(n) = 0, and further k(n) = 2s(n). Then

b̃ij − bij =
2s(n)∑
l=1

lr(n)∑
j=(l−1)r(n)+1

Wj :=
2s(n)∑
l=1

ξn(l) =
s(n)∑
l=1

ξn(2l) +
s(n)∑
l=1

ξn(2l − 1) := S(n) + T (n), (5.1)

where ξn(l) =
∑lr(n)

j=(l−1)r(n)+1Wj . Hence E|β̃ij − bij|τ ≤ C{E|S(n)|τ + E|T (n)|τ}. Next, we

evaluate only E|T (n)|τ , since the evaluation of E|S(n)|τ is similar. In view of Lemma 5.4, there

exist i.i.d. random variables ξ∗n(2l − 1), l = 1, 2, . . . , s(n) such that ξ∗n(2l − 1) has the same

distribution as ξn(2l − 1) for each l, and satisfies

P (|ξ∗n(2l − 1) − ξn(2l − 1)| ≥ εl) ≤ 18
(‖ξn(2l − 1)‖∞

εl

)1/2
α(r(n)), (5.2)

where 0 < εl ≤ ‖ξn(2l − 1)‖∞, if ‖ξn(2l − 1)‖∞ > 0, and εl > 0, if ‖ξn(2l − 1)‖∞ = 0. Then,

E|T (n)|τ ≤ C
{
E

∣∣∣
s(n)∑
l=1

ξ∗n(2l − 1)
∣∣∣τ + E

∣∣∣
s(n)∑
l=1

(ξ∗n(2l − 1) − ξn(2l − 1))
∣∣∣τ} := C{T1(n) + T2(n)}.

Let us take Mn > 0 such that s(n)Mn 
 n−1/2, where an 
 bn means 0 < lim inf an/bn ≤
lim supan/bn < ∞, and assume ‖ξn(2l − 1)‖∞ ≥ Mn, for l = 1, 2, . . . , s(n). Otherwise, by

rearranging the terms appropriately, we may assume, without loss of generality, that ‖ξn(2l −
1)‖∞ ≥ Mn, for l = 1, 2, . . . , s1(n), and ‖ξn(2l − 1)‖∞ < Mn, for l = s1(n) + 1, . . . , s(n), where

s1(n) is a positive integer with s1(n) ≤ s(n), in this case we have

T2(n) ≤ C
{

(Mns(n))τ + E
( s1(n)∑

l=1

|ξ∗n(2l − 1) − ξn(2l − 1)|
)τ}

.

Therefore,

T2(n) ≤ C
{
(Mns(n))τ + E

( s(n)∑
=1

|ξ∗n(2l − 1) − ξn(2l − 1)|I(|ξ∗n(2l − 1) − ξn(2l − 1))| ≥Mn)
)τ}

,

where ‖ξn(2l − 1)‖∞ ≥Mn. Observe that

|ξ∗n(2l − 1) − ξn(2l − 1)| ≤ 2r(n)
(θbF2i/2‖ψ‖∞

G(aF )
+ |bij|

) 1
n
≤ C

n
r(n)2π/2.
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Note that 2πδ2 = O(n−ε), δ ≥ C3(n−1 log n)1/2 and λ ≥ (τ − 1)(2τ + 1)(2− ε)/(2ε(τ − 2)) imply

n
−(λ(τ−2)

2(τ−1)
− 1

4
)2(λ(τ−2)

2(τ−1)
+ τ

2
+ 1

4
)π = o(n−τ/2). Then, according to (5.2) and Mns(n) = O(n−1/2), it

follows that

T2(n) ≤ C
{( 1

n
r(n)2π/2

)τ
(s(n))τ−1

s(n)∑
l=1

P (|ξ∗n(2l − 1) − ξn(2l − 1))| ≥Mn)
}

+O(n−τ/2)

≤ C
( 1
n
r(n)2π/2

)τ
(s(n))τ

(r(n)2π/2

nMn

)1/2
(r(n))−λ +O(n−τ/2)

≤ Cn
−(λ(τ−2)

2(τ−1)
− 1

4
)2(λ(τ−2)

2(τ−1)
+ τ

2
+ 1

4
)π +O(n−τ/2) = O(n−τ/2).

Next, we estimate T1(n). Applying the Rosenthal inequality for sums of independent random

variables (cf. Petrov (1995), Theorem 2.9, page 59), we get

T1(n) ≤ C
{ s(n)∑
l=1

E|ξ∗n(2l − 1)|τ +
( s(n)∑
l=1

E(ξ∗n(2l − 1))2
)τ/2}

≤ C
{
s(n)E|ξn(1)|τ + [s(n)E(ξn(1))2]τ/2

}
. (5.3)

From (3.1) we have

E|ξn(1)|τ = E
∣∣∣
r(n)∑
k=1

Wk

∣∣∣τ ≤ (r(n))τE|W1|τ ≤ (r(n))τ
( θbF
nG(aF )

)τ
E|ψij(X1)|τ

≤ C(r(n))τn−τ · 2(τ/2−1)i

∫
|ψ(u)|τ v

(u+ j

2i
)
du ≤ C(r(n))τn−τ2(τ/2−1)π .

Then

s(n)E|ξn(1)|τ = O(n−τ/2). (5.4)

As to E(ξn(1))2, by using Lemma 5.3, it follows that

E(ξn(1))2 = E
∣∣∣
r(n)∑
k=1

Wk

∣∣∣2 ≤ r(n)
{
C(R∞(r(n))2/λ(R∗(r(n)))1−1/λ +R2

2(r(n))
}
,

where

R∞(r(n)) := sup
1≤k≤r(n)

esssupw∈Ω|Wk| ≤ C
(θbF2i/2‖ψ‖∞

G(aF )
+ |bij|

) 1
n

= O(2π/2n−1);

R2
2(r(n)) := E|W1|2 ≤ C

n2

∫
ψ2(u)v

(u+ j

2i
)
du = O(n−2);

R∗(r(n)) := sup
1≤s,t≤r(n),s �=t

|Cov(Ws,Wt)| ≤ C(n22π)−1.

Therefore, E(ξn(1))2 ≤ Cr(n)n−2, and s(n)E(ξn(1))2 ≤ Cs(n)r(n)n−2 = O(n−1), which,

together with (5.3) and (5.4), yields T1(n) = O(n−τ/2). �
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