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A semiparametri estimator of survival for dou-bly trunated data Carla Moreira 1arlamgmm�gmail.omJaobo de U~na-�Alvarez1jaobo�uvigo.es1 Department of Statistis and O.R.Faulty of Eonomis, University of VigoVigo 36310SpainAbstratDoubly trunated data are often enountered in the analysis of survivaltimes, when the sample redues to those individuals with terminating eventfalling on a given observational window. In this paper we assume that someinformation on the bivariate distribution funtion (df) of the trunation timesis available. More spei�ally, we represent this information by means of a para-metri model for the joint df of the trunation times. Under this assumption, anew semiparametri estimator of the lifetime df is derived. We obtain asymp-toti results for the new estimator, and we show in simulations that it may bemore eÆient than the Efron-Petrosian NPMLE. Data on the age at diagnosisof hildhood aner in North Portugal are analyzed with the new method.Key Words: Double trunation, Observational bias, Nonparametri esti-mation, Survival analysis.1 IntrodutionRandomly trunated data appear in a number of �elds, inluding Epidemiol-ogy, survival analysis, eonomis and Astronomy. Under left-trunation, onlyindividuals with lifetime exeeding a random time (the trunation time) areobserved, and ignoring this issue results in a severe bias in estimation. A typ-ial example involving left-trunation is that of ross-setional sampling, forwhih the sample redues to the individuals in progress at a given date. Right-trunation is a similar phenomenon, and studies on AIDS inubation (amongothers) are known to su�er from this type of seletion issue. This is beausetypially AIDS databases onsist only on those individuals diagnosed prior somespei� date. 1



Nonparametri methods for one-sided (left or right) trunated data wereintrodued in the seminal paper [1℄, see also [2℄ and [3℄. Some authors havepointed out that available information on the trunation time allows for theonstrution of more eÆient estimators. See for example [4℄, [5℄ and [6℄. Thisis an interesting feature in trunated data analysis whih is not true for othertypes of observational biases, as those assoiated to random ensoring. Indeed,in the random ensoring model, information on the distribution of the ensoringtime is useless, sine it does not allow for less variane in estimation.Doubly trunated data are sometimes enountered. Double trunation meansthat only lifetimes falling on an observable random interval will be reruited.Efron and Petrosian [7℄ motivated this problem with quasar data, and theyintrodued the nonparametri maximum likelihood estimator (NPMLE) underdouble trunation too. Also, Bilker and Wang [8℄ notied that time from HIVinfetion to AIDS diagnosis an be treated as doubly trunated beause, besidesthe right-trunation issue disussed above, HIV was unknown before 1982, thusleading to a left-trunated setup. The NPMLE for doubly trunated data wasrevisited in [9℄, who formally established its uniform onsisteny and onver-gene to a normal. Moreira and de U~na-�Alvarez [10℄ introdued a bootstrapapproximation for the NPMLE.For further motivation and in order to help intuition, let us introdue in somedetail the hildhood aner data analyzed in Setion 3. These data onern allthe ases of hildhood aner diagnosed in North Portugal between January 1st1999 and Deember 31st 2003. Put X� for the age at diagnosis, and let V � bethe time from birth to the end of reruitment. Then, the sampling informationredues to those (X�; V �) values satisfying U� � X� � V �, where U� = V � � 5and where time is measured in years. Here, the trunation interval [U�; V �℄varies from individual to individual, sine it is determined by the (random)individual's birthdate. The same trunation pattern will be found in any appli-ation in whih the sample redues to those subjets with terminating event ina �xed observational window. Now, if we are interested in the estimation of thedistribution funtion (df) of X�, omputation of the ordinary empirial df annot be reommended in general. This is beause eah value x of X� is observedwith a probability given byP (U� � X� � V �jX� = x) = P (U� � x � V �)(assuming independene between (U�; V �) and X�), whih is learly inuenedby the x-value. Roughly speaking, relatively small and large values ofX� may beless frequently observed, hene induing a sampling bias whih is immediatelytransferred to a systemati bias of the ordinary empirial df. Of ourse, forspei� hoies of the distribution of (U�; V �) this observational bias an bemore or less severe, and this will be explored in muh more detail in Setion 3.Similar problems arise when the interest is foused on the df of V �, whih forthe hildhood aner data is linked to the so-alled birth proess of the diseased2



population. Note that, sine U� = V � � 5, the pair (X�; X� + 5) plays the roleof trunation interval for V �.In this paper we introdue a new estimator under double trunation whihmakes use of some available information on the df of the pair of trunationtimes. The de�nition of the estimator and its main properties are given inSetion 2. This new estimator is semiparametri, sine some parametri familyof df's is assumed for the trunation times, while nothing is assumed aboutthe lifetime df. This situation an be realisti in pratie; for example, for thehildhood aner data, the birth dates of the individuals developing the diseaseould be assumed in priniple to follow a stationary proess, thus leading to auniform distribution of U� (resp. of V �). Interestingly, unlike the NPMLE, thenew estimator has expliit form, whih failitates its usage and analysis. Morespei�ally, we introdue an empirial approximation of the standard error ofthe estimator and we use it to onstrut on�dene limits. Simulations reportedin Setion 3 show that the new estimator may behave more eÆiently than theEfron-Petrosian NPMLE. Setion 4 is devoted to the analysis of the hildhoodaner data, while the tehnial details are deferred to Setion 5.2 The estimator. Asymptoti resultsFirst we introdue some notation. Let X� be the lifetime of ultimate inter-est and let (U�; V �) be the pair of trunation times, so we observe the triplet(U�; X�; V �) if and only if U� � X� � V �. We assume that (U�; V �) is inde-pendent of X�. Let F denote the df of X�, and let K be the joint df of (U�; V �).We denote by (Ui; Xi; Vi), 1 � i � n, the observed data. Throughout this paperwe assume that K belongs to a parametri family of df's, fK�g�2� say, where� is a vetor of parameters and � stands for the parametri spae. Also, �0 willdenote the 'true' parameter.Under the desribed double trunation senario, the relative probability ofobserving a lifetime x is proportional toG(x; �) = Zfu�x�vgK�(du; dv).In order to see this, let F � be the df of the observed lifetimes. Then,F �(x) = P (X� � xjU� � X� � V �) = P (�)�1 Z x0 G(t; �)dF (t);where P (�) = P (U� � X� � V �) = R10 G(t; �)dF (t). As a onsequene, thequotient F �(dx)=F (dx) (i.e. the relative probability of sampling x) redues toP (�)�1G(x; �). Assume that G(x; �) is stritly positive on the support of X�.One immediately obtains the reversed equationF (x) = P (�) Z x0 dF �(t)G(t; �) � Z x0 dF �(t)G(t; �) = Z 10 dF �(t)G(t; �)3



and hene a natural estimator of F follows:bF (x; b�) = P̂ (�̂) Z x0 dF �n(t)G(t; �̂) � Z x0 dF �n(t)G(t; b�)= Z 10 dF �n(t)G(t; b�) ; (1)where b� is a suitable estimator of �, and where F �n stands for the ordinaryempirial df of the X 0is.The estimator bF (x; b�) an be alternatively motivated as a MLE. As noted byShen [8℄, the likelihood of the (Ui; Xi; Vi)'s (L) an be fatorized as a produt ofthe onditional likelihood of the (Ui; Vi)'s given the Xi's (L), and the marginallikelihood of the Xi's (Lm):L = L �Lm � nYi=1 g(Ui; Vi; �)G(Xi; �) � nYi=1 G(Xi; �)P (�)where g(u; v; �) = P (U� = u; V � = v) = K�(du; dv) stands for the joint densityof (U�; V �) (assumed to exist). For eah �, Lm is maximized bybF (x; �) = P̂ (�) Z x0 dF �n(t)G(t; �) � Z x0 dF �n(t)G(t; �) = Z 10 dF �n(t)G(t; �) ;and the maximum is a onstant [4℄. Hene, the maximizer of the full-likelihoodL is given by �b�; bF (x; b�)�, where b� stands for the maximizer of L.The estimator (1) redues to the semiparametri estimator in [4℄ when thereis no trunation from the right (i.e. P (V � = 1) = 1). Note that, unlike withleft-trunated data, the funtion G(x; �) does not need to be (and, in general,it will not be) monotone here.Remark 1. In some instanes the random vetor (U�; V �) will fall on aline w. p. 1, V � = U� + � say, see Setion 4 for motivation. In this ase,we rather have (whenever v = u + �) g(u; v; �) = P (U� = u) = L(du; �) andG(x; �) = L(x; �)� L(x� � ; �), where L(:; �) is the df of the parametri modelassumed for U�. In partiular, if U� follows a uniform distribution on an intervalwhih ontains (aF � �; bF ), where (aF ; bF ) stands for the support of X�, wehave that G(x; �) is onstant. In this ase, there is no observational bias, andthe ordinary empirial df of the Xi's is a onsistent estimator of F .Remark 2. Unlike the Efron-Petrosian NPMLE (whih must be omputedin an iterative way), the new semiparametri estimator bF (x; b�) has expliitform. This immediately leads to simpler asymptoti expressions for the limitingdistribution. As it will be seen, a simple plug-in method to estimate the standarderror of (1) an be introdued.Now we state the main results for both the estimated parameter b� and thesemiparametri estimator bF (x; b�). Sine we are mainly interested in testing4



problems about � and the onstrution of on�dene limits for F (x), we onlyreport here the results onerning the distributional onvergene of these esti-mators. Of ourse, formal results of onsisteny an be also obtained followingsimilar arguments to those in [4℄. Also, in order to favour the reading of themanusript, we only refer to the needed, notationally involved assumptions as"under regularity": These assumptions mainly impose smoothness on logL andthe onvergene of the solution of the maximum likelihood equation. Similarly,all the limit varianes are assumed to be �nite. See Setion 5 for further details.Theorem 2.1. Let b� a solution to the maximum likelihood equation, thatis, ��� logL(b�) = 0:Under regularity, we have pn�b� � �0� ! N(0; I(�0)�1) in law, where I(�0) isthe Fisher information matrixI(�0) = �E�0 � �2��2 log g(Ui; Vi; �)G(Xi; �) �����=b�� :As usual, in pratie one will rather use the empirial Fisher informationbI(b�) = � 1n nXi=1 �2��2 log g(Ui; Vi; �)G(Xi; �) �����=b�to ompute the standard errors and ovarianes of the estimated parameters.Example 1. As an illustrative example, we onsider a situation in whihU� � Beta(�1; 1) and V � � Beta(1; �2) are independent. Then, we haveg(u; v; �) = �1�2u�1�1(1 � v)�2�1,0 < u; v < 1. Assume that the support ofX�, (aF ; bF ) say, is ontained in the interval (0; 1), so we haveG(x; �) = P (U� � X� � V � j X� = x) = P (U� � x)P (V � � x) = x�1(1�x)�2 ; aF < x < bF :The onditional likelihood beomes L (�) = L;1 (�1)L;2 (�2), whereL;1 (�1) = nYi=1 �1U�1�1iX�1i ; L;2 (�2) = nYi=1 �2 (1� Vi)�2�1(1�Xi)�2 ;whih are respetively maximized byb�1 = "� 1n nXi=1 log UiXi #�1 ; b�2 = "� 1n nXi=1 log 1� Vi1�Xi#�1 :5



It is straightforward to obtain the seond order derivatives of the log-likelihood,these are:�2��21 log g(u; v; �)G(t; �) = � 1�21 ; �2��22 log g(u; v; �)G(t; �) = � 1�22 ; �2��1��2 log g(u; v; �)G(t; �) = 0;so the Fisher information matrix beomes I(�) = diag(1=�21; 1=�22). This exam-ple will be of further use in the simulations setion below.For our next result we need to introdue the following matrix:W (x; �) = P (�)2 Z 10 �G(t; �)�� dF �(t)G(t; �)2 Z x0 dF �(t)G(t; �) � P (�) Z x0 �G(t; �)�� dF �(t)G(t; �)2= Z 10 �G(t; �)�� 1G(t; �) [F (x)� I(t � x)℄ dF (t):Theorem 2.2. Under regularity, we havepn� bF (x; b�)� F (x)�! N(0; �2(x))in law, where �2(x) = �21(x)+�22(x), with �21(x) =W (x; �0)T I(�0)W (x; �0) and�22(x) = P (�0) �Z x0 dF (t)G(t; �0) + F 2(x) Z 10 dF (t)G(t; �0) � 2F (x) Z x0 dF (t)G(t; �0)� :Remark 3. The �rst term in the limit variane �2(x) omes from thevariane when estimating �0, while the seond term is diretly related to theorretion of the observational bias. Indeed, the limit variane of (1) reduesto �22(x) in the ase of perfet knowledge on the biasing funtion G(:; �0). Thiswould be the ase, for example, when sampling individuals with terminatingevents in a �xed, given observational window of length � (V � = U� + �), if oneknew the distributional form of the 'inidene proess' U�. Also interestingly,in the ase of no observational bias (i.e. a onstant funtion G(:; �0)), �22(x)redues to F (x)(1�F (x)) whih is just the asymptoti variane of the ordinaryempirial df.In pratie, one will be interested in the onstrution of on�dene limits forF (x). Theorem 2.2 suggests the following 100(1� �)% on�dene interval:I1�� = �bF (x; b�)� z�=2 b�(x)pn � (2)withb�2(x) = W (x; b�)T bI(b�)W (x; b�) ++P̂ (b�)"Z x0 d bF (t; b�)G(t; b�) + bF (x; b�)2 Z 10 d bF (t; b�)G(t; b�) � 2F̂ (x; �̂) Z x0 d bF (t; b�)G(t; b�) #6



whereW (x; �) = bP (�)2 Z 10 �G(t; �)�� dF �n(t)G(t; �)2 Z x0 dF �n (t)G(t; �) � bP (�) Z x0 �G(t; �)�� dF �n(t)G(t; �)2and where z�=2 stands for the (1� �)-th quantile of the standard normal dis-tribution.3 SimulationsIn this setion we illustrate the �nite sample behaviour of the semiparametriestimator (1) through simulation studies. Results orresponding to the (ondi-tional) maximum likelihood estimator of �0 will be reported too. One of themain goals of our simulations will be the omparison between the new estimatorand the Efron-Petrosian NPMLE, say FEPn (x). For this omparison, we will usethe quotient of mean squared errors (MSEs) as a measure of relative eÆieny.Note that if RE(FEPn (x); bF (x; b�)) = MSE( bF (x; b�))MSE(FEPn (x))attains a value of � < 1, then the semiparametri estimator performs better;more spei�ally, it is meant that the eÆieny of the NPMLE is just the 100�%that of the semiparametri estimator, or that the new estimator is 1=� timesmore eÆient that the NPMLE.We have onsidered two di�erent situations of double trunation. In Case1, the pair (U�; V �) has a joint density g(u; v) = g1(u)g2(v), where g1 and g2denote the marginal densities (so U� and V � are independently generated). InCase 2, we simulate U� and then we take V �+ � for some �xed onstant � > 0,so the joint density of (U�; V �) does not exist. Note that Case 2 follows thespirit of the hildhood aner data disussed in the Introdution.For Case 1, we take U� � U(0; 1) and V � � U(0; 1), while X� was generatedaording to a U(aF ; bF ) (Models 1.1-1.3) or Beta(1=2; 1) adapted to the sup-port (aF ; bF ), that is X� = (bF � aF )U(0; 1)2 + aF (Models 1.4-1.6), where thevalues of 0 < aF < bF < 1 were hosen as follows: (aF ; bF ) = (0:25; 1) for Mod-els 1.1 and 1.5, = (0:1; 0:9) for Models 1.2 and 1.4, = (0:5; 0:75) for Model 1.3,and = (0; 0:5) for Model 1.6. All these Models 1.1-1.6 fall under the umbrella ofour Example 1 in Setion 2. For Case 2, we take U� � U(0; 0:75); X� � U(0; 1)in Model 2.1, and U� � U(0; 1); X� � 0:75Beta(3=4; 1) + 0:25 in Model 2.2.In Figure 1 we illustrate the observational bias indued by eah of these eightmodels. Note that the situations range from no or almost no observational bias(Models 2.2, 1.3), to strongly biased situations (Models 2.1, 1.4, 1.5, 1.6). Weinluded in the simulations sampling biases in favour of small lifetimes (e.g.Models 1.1 and 1.5) and large lifetimes too (Model 1.6); besides, situations withan observable s-shaped urve (when the true urve is either linear or onave)7



were also onsidered (Models 2.1, 1.2 and 1.4). As parametri information onthe pair (U�; V �) we always onsider a Beta(�1; 1) for U� and a Beta(1; �2) forV � in Case 1. For eah Model, we simulate 1000 trials with �nal sample sizen = 50, 250 or 500. This means that, for eah trial, the number of simulated datais muh larger than n, atually N � nP (�0)�1 were needed on average, wherereall that P (�0) stands for the proportion of no trunation. For the simulatedmodels, the proportion of trunation ranged between 75% and 88%; however,sine (as usual with trunated data) we worked on the basis of reahing a givenn, the type of observational bias as depited in Figure 1 is more informativethan the probability of trunation itself.-Insert Figure 1-In Tables 1-8 we report the MSEs of the semiparametri estimator and of theNPMLE for eah Model and sample size, evaluated at eah of the nine deilesx0:1; :::; x0:9 of F: For omparison purposes, we also inlude in these Tables 1-8the MSE pertaining to the 'ideal' estimator whih makes use of the true biasingfuntion G(:; �0), say bF (x; �0). We also report in Table 9 the bias and standarddeviations of the estimated parameter �0. In all the ases it is seen that theestimators onverge to their respetive targets. As expeted, the more eÆientestimator was that based on the true biasing funtion; in this ase, the term�21(x) in the variane of the semiparametri estimator, see Theorem 2.2, justvanishes. When omparing bF (x; b�) to FEPn (x), the most relevant result in thatin all the ases the relative eÆieny of the NPMLE was below 1, with theonly exeption of Model 2.2, medium and large sample size (n = 250; n = 500),and Model 2.1, large sample size (n = 500). In this latter ase, a systematibias in the estimation of �1 is appreiated (see Table 9), whih ould probablyexplain the relative poor behaviour of the new estimator. Indeed, even in theseexeptions the estimator bF (x; �0) outperforms the NPMLE. In general, we anonlude that the new estimator is more eÆient, with a MSE whih an be upto 13% that of the NPMLE. -Insert Tables 1-9-Another onsequene of the simulations is that the eÆieny of the semi-parametri estimator relative to the NPMLE tends to inrease at the right tail.An exeption to this are those situations with no muh observational bias (e.g.Models 1.2, 1.3 and 2.2), for whih the maximum de�ieny of the NPMLEis found around the median. As regards the inuene of the sample size onthe relative performane of the estimators, we an see from Tables 1-8 that, ingeneral, a larger n leads to a slightly worse relative behaviour of the NPMLE.Finally, it is interesting to ompare the MSEs of the 'ideal' estimator underdouble trunation, bF (x; �0), to those orresponding to the ordinary empirial dfbased on the same sample size, whih is known to beMSEord(x) = F (x)(1� F (x))n :8



This omparison allows to investigate the relative diÆulties in estimation whihare diretly implied by the sampling bias. For example, in Model 1.3 it is seenthat the MSE of bF (x; �0) is lose to MSEord(x) along all the x deiles; this isin agreement with the absene of a strong sampling bias (Figure 1). On theontrary, in Model 1.6 (under whih there is a signi�ative observational bias)we see that the MSE of bF (x; �0) is up to one order of magnitude grater thanthat assoiated to the ordinary empirial df.4 The hildhood aner dataIn this setion we report our analysis of the hildhood aner data. As mentionedin the Introdution, these data onern all the ases of hildhood aner diag-nosed in North Portugal between January 1st 1999 and Deember 31st 2003. 406individuals reported omplete information on the age at diagnosis X� (we takeyears as time sale) and the date of birth D�. As disussed in the Introdution,the age at diagnosis is doubly trunated by (U� = V � � 5; V �), where V � standsfor the elapsed time between birth and end of study (Deember 31st 2003); inother words, V � represents the age of the individual at the losing date. Then,following our Remark 1 in Setion 2, we have G(x; �) = L(x; �)�L(x� � ; �) forthe biasing funtion, where L(:; �) stands for the df of U� and � is the length ofthe observational window (5 years). In Figure 2, left, the semiparametri esti-mator of the df of X� is depited, together with the 95% pointwise on�deneband, whih was alulated aording to (2). As parametri information on U�,we have taken the Beta(�; 1) distribution, adapted to the support (�5; 15). Itis important to remark that, by de�nition of hildhood aner, the support ofX� is (0; 15), and hene our sampling information redues to the births whihtook plae in 1984 and afterwards. For omparison purposes, we also inludedin Figure 2, left, the Efron-Petrosian NPMLE.In Figure 2, right, we depit the NPMLE of the df of U� (whih is doubly trun-ated by (X� � 5; X�)) together with the �tted Beta(�; 1) model, for whih weobtained b� = 1:19 (standard error: 0:1817). Note that the estimators in theleft panel are onstruted by inverse-weighting the data Xiaording to theirounterparts in the right panel. We also point out that the null hypothesis of auniform distribution for U� (that is, � = 1) is aepted at a 5% level; this anbe interpreted in terms of the stationarity of the birth dates for the individualswho will develop the disease. As a onsequene, there is no muh observationalbias on the age at diagnosis in this ase (see Remark 1).When analyzing subgroups of individuals, however, we have found situations inwhih there exists a lear sampling bias. This was the ase for example for the38 reported ases of neuroblastoma aner (results not shown). Similarly, wehave on�rmed the existene of a remarkable bias on the V 0i s for the whole dataset, resembling the situation of simulated Model 2.1, see Figure 1. Hene, a-ounting for an eventual observational bias may be a matter of muh importanein appliations. -Insert Figure 2-9



In order to investigate the performane of the on�dene limits in Figure2, left, we have ompared along 1000 trials the Monte Carlo standard devia-tion sMC(x) of the semiparametri estimator and the values of the asymptotiapproximation sA(x) = b� (x) =pn, and the mean and standard deviation ofsMC(x)=sA(x) for the nine deiles are reported in Table 10. We have takenModel 2.2 and n = 500 for these simulations sine it orresponds almost per-fetly to the situation in Figure 2 (see Figure 1). From this Table 10 we see thatthe asymptoti formula provides a good approximation of the standard error ofthe semiparametri estimator at least up to quantile 0.70. At the right tail ofthe distribution, however, some overestimation of the atual standard is appre-iated. As a onsequene, the on�dene band in Figure 2 ould be somehowinated at the far right tail. -Insert Table 10-5 Tehnial proofsTehnial proofs of Theorems 2.1 and 2.2 follow standard arguments. For thesake of ompleteness, here we provide the key steps of the proofs.Proof to Theorem 2.1.Under regularity, we have:0 = ��� logL(b�) = nXi=1 ��� log g(Ui; Vi; �)G(Xi; �) �����=b� == nXi=1 ��� log g(Ui; Vi; �)G(Xi; �) �����=�0 + nXi=1 �2��2 log g(Ui; Vi; �)G(Xi; �) �����=e� �b� � �0�where we have used the mean value theorem, and where e� is between b� and�0. Introdue the matrix An = � 1nPni=1 �2��2 log g(Ui; Vi; �)G(Xi; �)�1���=e� sowe haveAn �b� � �0� = 1n nXi=1 ��� log g(Ui; Vi; �)G(Xi; �) �����=�0 � 1n nXi=1 �(Ui; Vi; Xi):Sine the onditional density of (Ui; Vi) given Xi is g(u; v; �0)G(Xi; �0)�1I(u �Xi � v) we haveE�0 " ��� log g(Ui; Vi; �)G(Xi; �) �����=�0 j Xi# = Z Zu�Xi�v ��� g(u; v; �)G(Xi; �) �����=�0 dudv= ��� Z Zu�Xi�v g(u; v; �)G(Xi; �) dudv�����=�0 = 0;10



where we have assumed interhangeability of di�erentiation and integration.Hene, E�(Ui; Vi; Xi) = 0.Besides, assuming interhangeability of di�erentiation and integration,�E�0 " �2��2 log g(Ui; Vi; �)G(Xi; �) �����=�0 j Xi#= � Z Zu�Xi�v �2��2 g(u; v; �)G(Xi; �) �����=�0 dudv+ Z Zu�Xi�v ��� g(u; v; �)G(Xi; �) �����=�0 " ��� g(u; v; �)G(Xi; �) �����=�0#T G(Xi; �0)g(u; v; �0)dudv= � �2��2 Z Zu�Xi�v g(u; v; �)G(Xi; �) dudv�����=�0+ Z Zu�Xi�v ��� g(u; v; �)G(Xi; �) �����=�0 " ��� log g(u; v; �)G(Xi; �) �����=�0#T dudv= 0 + Z Zu�Xi�v ��� log g(u; v; �)G(Xi; �) �����=�0 " ��� log g(u; v; �)G(Xi; �) �����=�0#T g(u; v; �0)G(Xi; �0) dudv= E�0 " ��� log g(Ui; Vi; �)G(Xi; �) �� ��� log g(Ui; Vi; �)G(Xi; �) �T ������=�0 j Xi# ;so the information matrix I(�0) = E�0 ��(Ui; Vi; Xi)�(Ui; Vi; Xi)T � beomesI(�0) = �E�0 " �2��2 log g(Ui; Vi; �)G(Xi; �) �����=�0# :Under regularity, we have An ! I(�0), sob� � �0 � I(�0)�1 1n nXi=1 �(Ui; Vi; Xi)and, by the CLT, pn�b� � �0�! N(0; I(�0)�1) in law.Proof to Theorem 2.2.Note thatbF (x; b�)� F (x) = h bF (x; b�)� bF (x; �0)i+ h bF (x; �0)� F (x)i � I + II:11



For II we have:bF (x; �0)� F (x) = bP (�0) Z x0 dF �n(t)G(t; �0) � P (�0) Z x0 dF �(t)G(t; �0) == �Z x0 dF �n (t)G(t; �0) � Z x0 dF �(t)G(t; �0)�P (�0) ++ hP (�0)�1 � bP (�0)�1iP (�0) bP (�0) Z x0 dF �n(t)G(t; �0) :By the SLLN we have that bP (�0) R x0 G(t; �0)�1dF �n(t)! P (�0) R x0 G(t; �0)�1dF �(t) =F (x) w. p. 1, and hene II is asymptotially equivalent toII � P (�0) 1n nXi=1 I(Xi � x)G(Xi; �0) � bP (�0)�1P (�0)F (x)= P (�0) 1n nXi=1 I(Xi � x)� F (x)G(Xi; �0) = 1n nXi=1 �(Xi; x)where �(t; x) = P (�0)(I(t � x)� F (x))G(t; �0)�1. For I introdue the funtionW (x; �) = ��� �bP (�) Z x0 dF �n (t)G(t; �)�= bP (�)2 Z 10 �G(t; �)�� dF �n(t)G(t; �)2 Z x0 dF �n(t)G(t; �) � bP (�) Z x0 �G(t; �)�� dF �n(t)G(t; �)2 ;By the mean value we have, for some e� between b� and �0,bF (x; b�)� bF (x; �0) = bP (b�) Z x0 dF �n(t)G(t; b�) � bP (�0) Z x0 dF �n (t)G(t; �0) == W �x; e��T �b� � �0� :Note that (under regularity) we have W �x; e�� ! W (x; �0) for eah sequenee� ! �0, where W (x; �) is the matrix in Theorem 2.2, namelyW (x; �) = P (�)2 Z 10 �G(t; �)�� dF �(t)G(t; �)2 Z x0 dF �(t)G(t; �) � P (�) Z x0 �G(t; �)�� dF �(t)G(t; �)2= Z 10 �G(t; �)�� 1G(t; �) [F (x)� I(t � x)℄ dF (t):This shows that I �W (x; �0)T �b� � �0� and heneI �W (x; �0)T I(�0)�1 1n nXi=1 �(Ui; Vi; Xi):12



In sum,bF (x; b�)� F (x) �W (x; �0)T I(�0)�1 1n nXi=1 �(Ui; Vi; Xi) + 1n nXi=1 �(Xi; x)and, by the CLT,pn� bF (x; b�)� F (x)�! N(0; �2(x)) in law,where �2(x) = V ar�0 �W (x; �0)T I(�0)�1�(Ui; Vi; Xi) + �(Xi; x)� :SineE�0 [�(Xi; x)℄ = 0, E�0 [�(Ui; Vi; Xi) j Xi℄ =0, andE�0 ��(Ui; Vi; Xi)�(Ui; Vi; Xi)T � =I(�0), it is easily seen that�2(x) =W (x; �0)T I(�0)W (x; �0) +E�0 ��(Xi; x)2� = �21(x) +E�0 ��(Xi; x)2� ;whileE�0 ��(Xi; x)2� = P (�0)2E�0 � (I(Xi � x)� F (x))2G(Xi; �0)2 �= P (�0) �Z x0 dF (t)G(t; �0) + F 2(x) Z 10 dF (t)G(t; �0) � 2F (x) Z x0 dF (t)G(t; �0)�= �22(x):Akowledgement. Work supported by the researh Grant MTM2008-03129 of the Spanish Ministerio de Cienia e Innovai�on, and by the GrantPGIDIT07PXIB300191PR of the Xunta de Galiia. We also thank the IPO(the Portuguese Institute of Caner at Porto) for kindly providing the hildhoodaner data.6 Referenes1. Lynden-Bell D. A method of allowing for known observational seletion insmall samples applied to 3CR quasars.Monthly Noties of the Royal Astronomial Soiety 1971; 155:95-118.2. Woodroofe M. Estimating a distribution funtion with trunated data.Annals of Statistis 1985; 13:163-177.3. Stute W. Almost sure representation of the produt-limit estimator fortrunated data.Annals of Statistis 1993; 21:146-156.4. Wang, MC. A semiparametri model for randomly trunated data.Journal of the Amerian Statistial Assoiation 1989; 84:742-748.13
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Tables and FiguresPT n Deiles MSE(SP ) MSE(EP ) MSE(F0)1 0.002061525 0.002501928 0.0017639282 0.004360882 0.005616232 0.0035357463 0.006532868 0.008791825 0.0050628564 0.008465470 0.011780232 0.00649201081% 50 5 0.010744836 0.015313579 0.0081550816 0.012467664 0.018293383 0.0094179687 0.013742171 0.020847448 0.0105750928 0.013452420 0.022124487 0.0103532959 0.012523448 0.022805056 0.0098814221 0.0004605006 0.0005834183 0.00039650302 0.0009644717 0.0013419631 0.00077428673 0.0014673954 0.0021546637 0.00116210464 0.0020203275 0.0031082746 0.001636697781% 250 5 0.0026204136 0.0042121517 0.00212342436 0.0029918981 0.0052171106 0.00244146057 0.0033648650 0.0062948142 0.00285926498 0.0035624288 0.0072376022 0.00319894639 0.0035199741 0.0080021470 0.00335041251 0.0002155447 0.0002904056 0.00018975842 0.0004951456 0.0007152155 0.00039970713 0.0007966937 0.0012244044 0.00061102974 0.0010717383 0.0017311702 0.000829134681% 500 5 0.0013595858 0.0022541476 0.00105737206 0.0016508148 0.0028493750 0.00132304357 0.0019271126 0.0034747819 0.00160892308 0.0021161708 0.0040692894 0.00182047659 0.0021049021 0.0044711624 0.0019353243Table 1: MSE of the semiparametri estimator (SP ), the Efron-PetrosianNPMLE (EP ), and the ideal estimator with perfet knowledge on the bias-ing funtion (F0), along 1000 trials for Model 1.1. (Sample size n, proportionof trunation PT).
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PT n Deiles MSE(SP ) MSE(EP ) MSE(F0)1 0.003205087 0.004098422 0.0027860512 0.005268108 0.006261627 0.0042066963 0.006696844 0.007787114 0.0050414264 0.007539667 0.008738120 0.00551524180% 50 5 0.007798335 0.009009446 0.0056563426 0.007288578 0.008532197 0.0052810887 0.006823107 0.007836684 0.0049937078 0.005843062 0.006688943 0.0044017339 0.003665437 0.004133689 0.0028447621 0.0006612811 0.0007401788 0.00057046732 0.0011054316 0.0012673141 0.00087022403 0.0014132606 0.0016158483 0.00102159624 0.0016154385 0.0018796395 0.001102854780% 250 5 0.0015849107 0.0018471389 0.00108878006 0.0014835090 0.0017447277 0.00108032517 0.0013203771 0.0015496812 0.00099562978 0.0010728513 0.0012337628 0.00085955689 0.0006518220 0.0007339265 0.00057647281 0.0003120416 0.0003602504 0.00027665462 0.0005149313 0.0006415407 0.00040456063 0.0006709098 0.0008446623 0.00049122234 0.0007257232 0.0009391137 0.000509964680% 500 5 0.0007586053 0.0009860204 0.00052858776 0.0007277505 0.0009313139 0.00052140427 0.0006724494 0.0008398698 0.00050216808 0.0005273762 0.0006345009 0.00043127509 0.0003424828 0.0003995011 0.0003063205Table 2: MSE of the semiparametri estimator (SP ), the Efron-PetrosianNPMLE (EP ), and the ideal estimator with perfet knowledge on the bias-ing funtion (F0), along 1000 trials for Model 1.2. (Sample size n, proportionof trunation PT).
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PT n Deiles MSE(SP ) MSE(EP ) MSE(F0)1 0.001643361 0.001826674 0.0016178752 0.003355181 0.003829595 0.0032995693 0.004476626 0.005039243 0.0043682944 0.004793375 0.005321404 0.00466004577% 50 5 0.004961015 0.005571135 0.0047825016 0.004945223 0.005437397 0.0047098237 0.004373857 0.004716770 0.0042480128 0.003448285 0.003633319 0.0033234579 0.002102385 0.002182934 0.0020428901 0.0003699743 0.0004009675 0.00036743552 0.0006148683 0.0007147792 0.00060228733 0.0008438507 0.0009896280 0.00082999064 0.0009957376 0.0011658171 0.000981347977% 250 5 0.0010278453 0.0011676031 0.00101520146 0.0010026198 0.0011193546 0.00099358727 0.0009102337 0.0009967867 0.00090105538 0.0007269902 0.0007931460 0.00071544199 0.0004328618 0.0004545924 0.00042627581 0.0001780884 0.0001920186 0.00017499932 0.0003065206 0.0003423694 0.00029994273 0.0003934577 0.0004459520 0.00038248624 0.0004777986 0.0005382140 0.000462993777% 500 5 0.0005015651 0.0005819730 0.00048806646 0.0005055059 0.0005813051 0.00049102437 0.0004660662 0.0005366701 0.00045368328 0.0003672294 0.0004171184 0.00035678099 0.0002039861 0.0002210477 0.0002002135Table 3: MSE of the semiparametri estimator (SP ), the Efron-PetrosianNPMLE (EP ), and the ideal estimator with perfet knowledge on the bias-ing funtion (F0), along 1000 trials for Model 1.3. (Sample size n, proportionof trunation PT).
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PT n Deiles MSE(SP ) MSE(EP ) MSE(F0)1 0.002756128 0.002843182 0.0025046842 0.005741742 0.006169036 0.0048581453 0.007566078 0.008418652 0.0060683084 0.008116256 0.009188946 0.00615993582% 50 5 0.007582895 0.009071123 0.0054095826 0.007247459 0.008781476 0.0050288987 0.006140689 0.007619646 0.0042192788 0.004704445 0.005777274 0.0033408439 0.003011730 0.003878136 0.0023245481 0.0006807418 0.0007117903 0.00064485162 0.0011905385 0.0013069722 0.00104689523 0.0014523878 0.0016876455 0.00115200264 0.0017076320 0.0020382737 0.001252715182% 250 5 0.0016394125 0.0020223843 0.00108008916 0.0014859324 0.0018870870 0.00092642487 0.0012353703 0.0016329398 0.00077062068 0.0009740618 0.0012899735 0.00063400059 0.0005863008 0.0007491766 0.00042511851 0.0003660532 0.0003877299 0.00033449462 0.0005866765 0.0006861441 0.00050162583 0.0007175698 0.0008797747 0.00056901234 0.0007953163 0.0010352153 0.000565021482% 500 5 0.0008368848 0.0011034784 0.00056133806 0.0007377919 0.0009823821 0.00047909827 0.0006520586 0.0008537107 0.00043949128 0.0004701132 0.0006208146 0.00032704989 0.0002835636 0.0003509468 0.0002314125Table 4: MSE of the semiparametri estimator (SP ), the Efron-PetrosianNPMLE (EP ), and the ideal estimator with perfet knowledge on the bias-ing funtion (F0), along 1000 trials for Model 1.4. (Sample size n, proportionof trunation PT).
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PT n Deiles MSE(SP ) MSE(EP ) MSE(F0)1 0.002338723 0.002622883 0.0021217812 0.004129233 0.004980223 0.0034942453 0.005742738 0.007501941 0.0046543704 0.007507386 0.010353965 0.00598702180% 50 5 0.008916953 0.012815505 0.0069525546 0.009539072 0.014890884 0.0074636077 0.010113182 0.016709066 0.0079707258 0.010047823 0.017811123 0.0080841819 0.009284608 0.018508854 0.0077055601 0.000456180 0.0005249711 0.00043202922 0.000831028 0.0010391416 0.00073758433 0.001176654 0.0015957810 0.00098950594 0.001493068 0.0021930578 0.001191453580% 250 5 0.001877504 0.0028716680 0.00145622616 0.002177379 0.0034408979 0.00166774627 0.002293955 0.0038849495 0.00176796508 0.002402818 0.0041641200 0.00192762729 0.002174655 0.0040684373 0.00186685061 0.0002046008 0.0002294443 0.00018528002 0.0003983050 0.0004834413 0.00033835813 0.0005883101 0.0007714166 0.00047195124 0.0007923803 0.0010535405 0.000618986280% 500 5 0.0009679968 0.0012965262 0.00075358146 0.0010725547 0.0014963970 0.00083665277 0.0012592570 0.0017692816 0.00100346368 0.0012904023 0.0018442446 0.00110261869 0.0011690711 0.0017159248 0.0010669378Table 5: MSE of the semiparametri estimator (SP ), the Efron-PetrosianNPMLE (EP ), and the ideal estimator with perfet knowledge on the bias-ing funtion (F0), along 1000 trials for Model 1.5. (Sample size n, proportionof trunation PT).
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PT n Deiles MSE(SP ) MSE(EP ) MSE(F0)1 0.022404885 0.045594084 0.0184903882 0.024503233 0.044865534 0.0202707673 0.032486759 0.048896819 0.0284551724 0.034998113 0.047797480 0.03113925388% 50 5 0.027908672 0.037770787 0.0246009426 0.019496239 0.026238071 0.0165530857 0.012145830 0.016351242 0.0100912698 0.006495243 0.008700548 0.0053926289 0.002341388 0.003095843 0.0020083351 0.0121041067 0.0223848545 0.01174193082 0.0171870249 0.0258557977 0.01640995783 0.0165201139 0.0232662978 0.01548927744 0.0131557457 0.0182123528 0.011897490088% 250 5 0.0098292503 0.0134045860 0.00863396756 0.0068030350 0.0091360734 0.00577668577 0.0041079031 0.0054709021 0.00336693278 0.0019914063 0.0026563129 0.00157969229 0.0006210185 0.0008114685 0.00048683271 0.0081730927 0.0175171374 0.00771698262 0.0107087347 0.0184297984 0.01017530623 0.0090210141 0.0150610888 0.00836962094 0.0070218726 0.0114885416 0.006380585988% 500 5 0.0051321210 0.0082448627 0.00451585756 0.0035244073 0.0055293217 0.00300314537 0.0021658743 0.0033106562 0.00178939068 0.0010492905 0.0015661037 0.00085730379 0.0003185259 0.0004595646 0.0002616082Table 6: MSE of the semiparametri estimator (SP ), the Efron-PetrosianNPMLE (EP ), and the ideal estimator with perfet knowledge on the bias-ing funtion (F0), along 1000 trials for Model 1.6. (Sample size n, proportionof trunation PT).
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PT n Deiles MSE(SP ) MSE(EP ) MSE(F0)1 0.019951458 0.05083268 0.0086116472 0.026848915 0.05245271 0.0108281643 0.028649233 0.05107925 0.0101997664 0.027721640 0.05055763 0.01016400875% 50 5 0.024536855 0.05011307 0.0106607986 0.020311702 0.05058149 0.0111205687 0.016901747 0.05124272 0.0124625148 0.014123425 0.05112158 0.0130674359 0.006360175 0.05051990 0.0062982271 0.005671855 0.01524855 0.0034342772 0.007075935 0.01495085 0.0036439533 0.008356141 0.01494414 0.0042062984 0.008727914 0.01453400 0.00517500075% 250 5 0.008802001 0.01397055 0.0064024576 0.009423967 0.01344969 0.0083864067 0.010680300 0.01279897 0.0106562858 0.011727498 0.01195224 0.0120726599 0.005905551 0.01144145 0.0060126301 0.006666588 0.007032078 0.0017221002 0.020947175 0.007110407 0.0022154783 0.034679305 0.007493308 0.0030651154 0.034917055 0.007663500 0.00426549975% 500 5 0.026043511 0.007710129 0.0058391876 0.013169883 0.007592489 0.0077939687 0.002742600 0.007364631 0.0101832098 0.001639729 0.006730566 0.0117384579 0.003346154 0.006165853 0.005967015Table 7: MSE of the semiparametri estimator (SP ), the Efron-PetrosianNPMLE (EP ), and the ideal estimator with perfet knowledge on the bias-ing funtion (F0), along 1000 trials for Model 2.1. (Sample size n, proportionof trunation PT).
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PT n Deiles MSE(SP ) MSE(EP ) MSE(F0)1 0.004769624 0.003344468 0.00182482 0.010151958 0.007000935 0.00329803 0.013932303 0.009912258 0.00397844 0.015960945 0.012009022 0.004687275% 50 5 0.015804086 0.013167737 0.00483926 0.013632571 0.013639357 0.00457007 0.010423768 0.013382892 0.00389968 0.006592271 0.011517173 0.00286009 0.003097190 0.007558132 0.00187921 0.0009581576 0.0004867772 0.0003635682 0.0022491909 0.0009275727 0.0006518883 0.0033527567 0.0012455409 0.0008502564 0.0039056644 0.0014435148 0.00103856075% 250 5 0.0037282665 0.0014132206 0.0010055046 0.0032595586 0.0013991997 0.0009844647 0.0024715950 0.0012702681 0.0008643688 0.0015001175 0.0010560455 0.0007050729 0.0005944791 0.0005435971 0.0003706241 0.0004388828 0.0002269796 0.0001860322 0.0011374353 0.0004904380 0.0003596363 0.0015451974 0.0005727416 0.0004065164 0.0018451360 0.0006748815 0.00049572475% 500 5 0.0018560337 0.0006790248 0.0005236126 0.0016470770 0.0006552353 0.0004972287 0.0012445665 0.0005955961 0.0004447328 0.0007602557 0.0004673307 0.0003283089 0.0003028591 0.0002689372 0.000181004Table 8: MSE of the semiparametri estimator (SP ), the Efron-PetrosianNPMLE (EP ), and the ideal estimator with perfet knowledge on the bias-ing funtion (F0), along 1000 trials for Model 2.2.(Sample size n, proportion oftrunation PT).n Models �̂1 �̂21.1 0.01705371(0:1514354) 0.01585983 (0:1443526)1.2 0.01726363 (0:1497229) 0.02933369 (0:1495772)1.3 0.01749347 (0:1460744) 0.02417042 (0:1514656)1.4 0.02186703 (0:1474750) 0.02048321 (0:1430628)50 1.5 0.02706971 (0:1552804) 0.01079327 (0:1445023)1.6 0.02180327 (0:1449595) 0.01996355(0:1423285)2.1 0.02899540 (0:3013396)2.2 0.03638238 (0:4554813)1.1 0.004412362 (0:0667142) 0.002932107 (0:0630119)1.2 0.004521573 (0:06132066) 0.005129794 (0:0634064)1.3 0.004876636 (0:06022638) 0.001160238 (0:06304874)1.4 0.001231379 (0:06294079) 0.003617618 (0:0664989)250 1.5 0.004666796 (0:06252818) 0.003306503 (0:06489206)1.6 0.003802629 (0:06437469) 0.0009008375 (0:06324714)2.1 -0.02029049 (0:1324506)2.2 0.02308238 (0:1993036)1.1 0.001510942 (0:04522862) 0.00257935 (0:04530109)1.2 0.0006533051 (0:04351268) 0.001897150 (0:04442708)1.3 0.001790503 (0:04461787) 0.002274069 (0:04564226)1.4 0.002067952 (0:04379179) 0.001343955 (0:04421807)500 1.5 0.004440153 (0:04496469) -0.0003432533 (0:04393165)1.6 0.002948612 (0:04498032) 0.0001128553 (0:04477341)2.1 -0.5619712 (0:06346337)2.2 0.009266967 (0:1393680)Table 9: Bias and standard deviation (in brakets) of the estimated parametersfor the simulated models. 22



Deiles Mean SMC(x)=SA(x) sd SMC(x)=SA(x)1 1.0550 0.24244872 1.1330 0.25262693 1.1170 0.24340064 1.1470 0.25027765 1.1460 0.25325716 1.1170 0.25319027 1.0360 0.24768968 0.8911 0.23905399 0.6544 0.2262604Table 10: Mean and standard deviation of sMC(x)=sA(x) along 1000 trials ofModel 2.2 with n = 500.
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Figure 1: Observational bias for the simulated models: target F (dashed line)and observable lifetime distribution approximated by the empirial df F �n of asingle sample with n=5000 (solid line).25
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