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Abstract

Minimum cost spanning tree problems with coalition structure
were introduced in Bergantinos and Gémez-Ruia (2007). Moreover,
a rule for dividing the cost of connecting all the agents to the source
in this kind of problems is defined. In this paper we prove that this
rule coincides with the Owen value of the TU game associated with
the irreducible matrix.

Keywords: minimum cost spanning tree problems with coalition
structure. TU game, Owen value.

1 Introduction

The classical minimum cost spanning tree problems (mcstp) model situations
where a group of agents (denoted by N), located at different geographical
places, want a particular service which can only be provided by a common
supplier, called the source (denoted by 0). Agents will be served through
connections which involve some cost. Moreover, they do not care whether
they are connected directly or indirectly to the source. This situation is
described by a symmetric matrix C' = (¢;;); jenufo}, Where ¢;; denotes the

*Financial support from Ministerio de Ciencia y Tecnologia and FEDER
through grant SEJ2005-07637-C02-01 and from Xunta de Galicia through grants
PGIDIT06PXIB362390PR and PGIDIT06PXIC300184PN is gratefully acknowledged.



connection costs between i and j (7,7 € N U{0}). There are many economic
situations that can be modeled in this way. For instance, several towns may
draw power from a common power plant, and hence have to share the cost of
the distribution network (Dutta and Kar, 2004). Bergantinos and Lorenzo
(2004, 2005) studied a real situation where villagers had to pay the cost of
constructing pipes from their respective houses to a water supplier. Other
examples include communication networks, such as telephone, internet, or
cable television.

We assume that the agents construct a minimum cost spanning tree (mt).
The question is how to divide the cost associated with the mt between the
agents. Different rules give different answers to this question.

There are several rules studied in the literature. For instance, the rules
studied in Bird (1976), Kar (2002), and Dutta and Kar (2004). Feltkamp
et al. (1994) defined a rule called Equal Remaining Obligations rule (ERO).
FERO is called the P-value in Branzei et al. (2004).

One of the most important topics is the axiomatic characterization of
rules. The idea is to propose desirable properties and to find out which of
them characterize each rule. Properties often help agents to compare different
rules and to decide which rule is preferred in a particular situation.

However, this model ignores the fact that some group of agents are lo-
cated in the same city or village. In Bergantinos and Gémez-Ria (2007)
the minimum cost spanning tree problems with coalition structure are in-
troduced. In these problems we include this fact in the model. We do it
by considering an extra element: a partition G = {G", ..., G™} of the set of
agents. For each k = 1, ..., m, G* represents the coalition of agents located in
the same village or city.

In Bergantinos and Gémez-Ria (2007) we introduced a rule for this kind
of problems, F' and we provided an axiomatic characterization of this rule.
The proposed rule is a generalization of the rule provided by Bergantinos
and Vidal-Puga (2007a), which we denote as ¢.

Owen (1977) introduced a value for transferable utility (7'U, for short)
games with a coalition structure. It is assumed that the agents are partitioned
into different coalitions. Moreover, our objective is to divide the value of the
grand coalition among the agents taking into account the coalition structure.
Owen (1977) proved that his value generalizes the Shapley value.

Bird (1976) defined the minimal network and the TU game (NN, v¢) asso-
ciated with an mestp (Np, C') . Bergantifios and Vidal-Puga (2007a) defined
the irreducible matrix C* associated with an mestp (N, C') through the min-
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imal network. The rule ¢ in mestp is defined as the Shapley value of the TU
game (N,vc+). As we pointed before, the rule F' in mcstp with coalition
structure generalizes the rule . We may ask if there exists any relationship
between F' and the Owen value of (N, ves, G) . The answer is not trivial be-
cause (N, vcs, G) does not appear in the definition of F. Nevertheless, in this
paper we prove that F' coincides with the Owen value of (N, ves, G) .

The paper is organized as follows. In Section 2 we introduce the model.
In Section 3 we prove that F' coincides with the Owen value.

2 The model

Let N = {1,2, ...} be the set of all possible agents. Given a finite set N C N,
let I be the set of all permutations over N. Given 7 € Iy, let Pre (i,7)
denote the set of the elements of N which come before 7 in the order given
by 7, i.e. Pre(i,m) ={j € N:7(j) <w(i)}. Given S C N, let mg denote
the order induced by m among the agents in S.

We are interested in networks whose nodes are elements of a set Ny =
N U {0}, where N C N is finite and 0 is a special node called the source.
Usually we take N = {1,...,n}.

A cost matriz C' = (cij); oy, on N represents the cost of direct link
between any pair of nodes. We assume that c;; = ¢;; > 0 for each 7,5 € Ny
and c¢;; = 0 for each 7 € Ny. Since ¢;; = ¢j; we work with undirected arcs, i.e.
(i,5) = (J,4)-

We denote the set of all cost matrices over N as CV. Given C, C" € CV
we say C' < (" if ¢;; < cgj for all i, j € Nj.

A minimum cost spanning tree problem, briefly an mcstp, is a pair (Ny, C)
where N C N is a finite set of agents, 0 is the source, and C' € C¥ is the
cost matrix.

Given an mestp (Ny, C), we define the mestp induced by C'in S C N as
(So, C).

A network g over Ny is a subset of {(i,7):4,7 € No}. The elements
of g are called arcs. Given a network g over Ny and S C Ny we denote
by gs the network induced by ¢g among the elements of S. Namely, g5 =
{(i,j) € g:{i,j} C S}.

Given a network g and a pair of nodes ¢ and j, a path from ¢ to j in g
is a sequence of different arcs {(i_1,7s)},_, satisfying (i,_1,7) € g for all
he{1,2,...,1}, i =1ip, and j = i;.



A tree is a network such that for all i € N there is a unique path from 7 to
the source. If ¢ is a tree, we usually write ¢ = {(i°,7)},_y where i® represents
the first agent in the unique path in ¢ from 7 to 0.

Let GV denote the set of all networks over Ny. Let gg]V denote the set of
all networks where every agent ¢ € N is connected to the source, i.e. there
exists a path from 7 to 0 in the network.

Given an mestp (Ny,C) and g € GV, we define the cost associated with

g as
N07C g Z C’Lj

(i,)€g

When there is no ambiguity, we write ¢ (¢) or ¢ (C, g) instead of ¢ (Ny, C, g).
A minimum cost spanning tree for (Ny, C'), briefly an mt, is a tree ¢ over

Ny such that c(t) = min c(g). It is well-known that an mt exists, even
0
though it is not necessarily unique. Given an mestp (Ng, C'), we denote the

cost associated with any mt as m (N, C).

There are several algorithms in the literature to construct an mt. Prim
(1957) provides such an algorithm. The idea of this algorithm is as follows:
sequentially, the agents connect to the source. At each stage, the cheapest arc
between the connected and the unconnected agents is added. This algorithm
leads to a tree, but this is not always unique.

Given an mcestp (No,C') and an mt t, Bird (1976) defined the minimal

network (No,C") associated with ¢ as follows: cj; = (kml)aX {cu}, where g;;
€9ij

denotes the unique path in ¢ from 7 to j. Even though g;; depends on the
choice of t, cﬁj is independent of the chosen t. Proof of this can be found in
Aarts and Driessen (1993).

The irreducible form of an mestp (Np, C') is defined as the minimal net-
work (Np, C*) associated with a particular mt t. If (Ny, C*) is an irreducible
form, we say that C* is an irreducible matrix.

A (cost allocation) rule is a function f such that f (Np,C) € RY and
> fi (No, C) = m (N, C) for each mestp (No, C'). As usual, ¢, (Ny, C') rep-
iEN
resents the cost allocated to agent i.

Notice that we implicitly assume that the agents build an mt. As far as

we know, all the rules proposed in the literature make this assumption.

A coalitional game with transferable utility, briefly a TU game, is a pair



(N,v) where v : 2V — R satisfies v (@) = 0. Sh(N,v) denotes the Shapley
value (Shapley (1953)) of (V,v).

For each mcstp (Ny,C'), Bird (1976) introduces the TU game (N, v¢).
For each coalition S C N,

Vo (S) =m (So, C) .

On the other hand, Bergantinos and Vidal-Puga (2007a) defined the rule

© as
QD(NO>C) = Sh (NaUC*>

where C* is the irreducible matrix associated with C'. Bergantinos and Vidal-
Puga (2007e) proved that, surprisingly, ¢ coincides with FRO. This rule is
also studied in Bergantinos and Vidal-Puga (2007b, 2007c, 2007d).

In Bergantifios and Gémez-Ruia (2007) we introduced the mestp with
coalition structure. An mestp with coalition structure is a triple (No, C, G)
where (Ng, C') is a mestp, G = {G',...,G™} is a partition of N and for each
E=1,..m

max {c;;} < min Ciit -
i,jeGk{ it = ieGk,jggGk{ 2

A rule in mestp with coalition structure is a function f such that f (N, C, G) €
RY and > f; (No, C, G) = m (Ny, C) for each mestp (Ny, C).

iEN

As in E(:lassical mcstp, the main objective is to divide the cost associated
with an mt among the agents in a fair way.

A rule for mcstp with coalition structure, F' is defined in Bergantinos and
Goémez-Ria (2007). The intuitive idea of this rule is as follows. F' can be
considered as a "two-steps" rule. In the first step we compute the amount
that each coalition should pay in order to be connected to the source. We
do it applying the rule ¢ defined in Bergantinos and Vidal-Puga (2007a).

In the second step we decide the amount that each agent of each coalition
has to pay. For each coalition G*, we consider the mcstp inside each coalition
(G”g, C"P) . In this mestp, the connection cost between two agents of G* is the
same as in C' but the connection cost between any agent of G* and the source
is the amount assigned to the coalition G* in the first step.

Formally this rule is defined as follows: Given the mecstp with coalition
structure (Ny, C, @), with G = {G*, ..., G™} and M = {1,...,m}, we define
the mestp among coalitions, (My, C%) as follows:



o My=4{0,1,....,m}.

e C% is the cost matrix and for each k, k' € M,, the connection cost
between k and £’ is denoted by

G .
Chw = min {e;t.
i€GF, jeGk

Let (No, C, G) be an mestp with coalition structure and i € G*. We define
Fi (N()a 07 G) =¥ (Gé?, CS@)

where C¥ = (c7); jreqn s defined as

73’
{ Cjijt if 0¢ {j,7'}
Pk (M07CG) if 0 € {.]7],}

Y
Cjr =

Before introducing the result of the paper, we present two Lemmas which
will be used often in the proofs of the main result.

Lemma 1 (Bergantirios and Vidal-Puga (2007a)) If C* = (c};)ijen, s an
irreducible matriz, then for all S C Ny, i ¢ S we have that

vos (SU{i}) —ve- (S) = min {cii}
Lemma 2 (Bergantirios and Gémez-Ria (2007)) Given (No, C,G) we can
find an mt t in (No, C) satisfying:

(1) For each k = 1,...,m, tgr induces an mt in (Gk, C’) :

(i) {(k, k') : 3i € G*,j € G¥ with (i,j) € t} is an mt in (M,, CY).

(4ii) For each k = 1,....,m and each i € G*, tg, U {(0,7)} is an mt in
(G5, C%).



3 An approach using TU games

Owen (1977) introduces a value for TU games with coalition structure. It
is assumed that agents are partitioned into different coalitions. Moreover,
the objective is to divide the value of the grand coalition among the agents
taking into account the coalition structure. Owen (1977) proves that his
value generalizes the Shapley value.

The rule ¢ in mcstp is defined as the Shapley value of the TU game
(N,vcs). The rule F' in mcstp with coalition structure generalizes the rule
. We can ask if there is some relationship between F' and the Owen value
of (N,ve+, G) . The answer is not trivial because (N, ves, G) does not appear
in the definition of F. Nevertheless, we will prove that F' coincides with the
Owen value of (N, ve, G).

We first introduce the Owen value formally. A TU game with coali-
tion structure is a triple (N,v,G) where (N,v) is a TU game and G =
{G*,...,G™} is a partition of N.

We say that a permutation 7 € Ily is admissible with respect to G if
given i,7 € G*¥ € G and j € N with 7(i) < 7(j) < 7(i'), then j € G*. We
denote by II¢ the set of all permutations over N admissible with respect to
G.

Given (N,v,G) and i € G* € G, the Owen value is defined as

Ows (N,0,G) = = 3" [v (Pre (i, m) U {i}) — v (Pre (i,m))].

119
mellG

Now we present our result.

Theorem 3 For each mestp with coalition structure (Ny, C,G) andi € G* €
G,
F}(Ah,(?,CQ ::()UH(]V}UC*,(;).

Proof. Let (Ny,C,G) be an mestp with coalition structure and i € G* € G.
We will prove the result in several Claims.

For each mcstp with coalition structure (Ny,C,G) and each G* € G,
let (N§,C",G") the problem obtained from (No, C,G) by considering that the
rest of the coalitions have a unique agent whose connection cost to the rest

of the agents is given by (Mo, C%). Namely, N' = G* U (U {H}) , G =
15k
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{G*}u {{il}}leM\{k}, and C' is defined as follows: if i,j € Gk U {0}, then
¢ =cy. If i € GF and j = iy wzthl € M\{k}, then ¢j; = . If i = 0 and
j =t withl € M\{k}, then cj; = c§;. If i =iy, j =iy and k ¢ {1,I'}, then

=G,
ij i

In Bergantinios and Gdémez-Ria (2007) (Claim 13 in Proposition 11) we
prove that:

(NO,C G) (N6>C/ G/)

We proceed with several claims.

Claim 4 Ow; (N,ve+, G) = Ow; (N, verm, G') .
Proof. We know that

Ow; (N,vex,G) = |HG| Z ves (Pre (i,m) U {i}) — ves (Pre(i,m))] and
Ow; (N v, G') = ﬁ Z [ver (Pre (i, 7") U {i}) — v (Pre (i,7"))] .

For each ©' € 1% let O (n') denote the set of orders of TI¢ inducing
the same order than ' among the agents in G* and among the coalitions.
Namely, O (r') is the set of orders = € II¢ satisfying two conditions:

1 mor = Ty

2. Given j € G, j' € G¥, k ¢ {I,I'} we have that 7 () < 7 (j') if and
only if ' (1) < = (i) .

Thus, for all 7' € 1%, |O (7')| = H (|a).

Ik

We now prove that given «' € I and © € O (7') , we have that

vers (Pre (i, ') U {i})—ver (Pre (i, 7)) = ves (Pre (i, ) U {i})—ves (Pre (i,m)) .

By Lemma 1,
vers (Pre (i, 7)) U {i}) — ven (Pre (i, 7)) = PIIllIl {c '} and
j€Pre(i,m’)
ves (Pre (i,m) U {i}) —ves (Pre (i,m)) = Pmln {Cw}
jEPre(i,m)

We consider two cases:



o Pre(i,7)NG* #+ @.

We know that for alll € M, max, {¢jj} < 1?11; l{cjj/}. Because of the
JJ'e JjeGLj'¢G

definition of the irreducible matmx as the mzmmal network associated with
the minimal tree given by Lemma 2, it is easy to deduce that for alll € M,

max {c } < min {c;fj,}. Now,

j,§' €G! JEGLj'¢G!
ves (Pre (i,m) U {i}) — ves (Pre(i,m)) = min {ci}
je(Pre(im)nG*)
Analogously,
vers (Pre (i, @) U{i}) —ven (Pre (i, 7)) = min {ci}

jE(Pre(i,ﬂ’)ﬁGk>0

Because of the definition of C', ¢i; = ¢} for all j € G*. Since m € O (7',
Pre (i,7) NG = Pre(i,7') N G*.
Then, the result holds.

o Pre(i,@)NGF =@

Let t be the mt given by Lemma 2. We can compute C* as the minimal
network associated with t.

By Lemma 2, we know that tgr is an mt in (Gk,C’) and the tree t¢ =
{(k,K'): 3i € G*,j € G¥ with (i,j) € t} is an mt in (My,C%). Now it is
easy to deduce that t' = ter Ut induces an mt in (N}, C',G'). Then, we can
compute C™ as the minimal network associated with t'.

Since Pre (i,7')NG* = @, we can assume that — min {c } = cj;, with
j€Pre(i,m’)

I #k (i =iy =0 is also possible). Let g;;, be the unique path m t’ joiming 1
and ;. Then, i = c; ; where (i, 1) € gis,- By definition of C', ¢; ;. = ¢j,j,
where j, € G* and j, € G.

Since  min cdxl = ¢*
ij
jEPre(i,n’),

such that

G' C Pre(i,m),. Now, there exists j, € G'

(IR
min  {c;} =
jEPre(i,m),

Because of the definition of C* as the minimal network associated with t
we have that (ja, j») belongs to the unique path in t joining i and j;. Thus,

min {c}—c >c; o = min {c }
JEPre(i,m), K gL Jadb jePre(i,n’)



Using arguments similar to those used above we can prove that min {c;kj} <
JEPre(i,m),
min {5} .
jEPre(i,m’),

It is easy to see that,

1) — m! <ﬁ (|Gl|!)) I = mt (|GH]Y) , and

I=1
for each 7' € TI¢ | |O (n')| = H (|G']") . Thus,
leM\{k}

Ow; (N,ve+,G) = ﬁ Z / %(:,) [vex (Pre (i,m) U{i}) — ves (Pre (i, m))]
_ ﬁ S S e (Pre(i,n) U{i}) — vor (Pre (i, )]

' ell¢’ meo(n’)

= 1 Z H |Gl{! [vor (Pre (i,7")U{i}) — ver (Pre (i,7'))]

11|
' enn¢ \leM\{k}
1 . . .
N [TI¢"| Z [vers (Pre (i, ") U {i}) — v (Pre (i,7"))]

' eTI¢!

= Owi (N/, Vors, G/) .

Thus, we can assume that (No, C, G) satisfies that ’Gl‘ =1 for all | # k.
Claim 5 Let m € 119 such that Pre (i,7) N G* # @. Thus,
ver (Pre (i,m) U {i})—ve« (Pre(i,m)) = vcey (Pre (i, mgr) U {i})—vcey (Pre (i, mar)) .

Proof. We have seen in the proof of Claim 4 that

ves (Pre(i,m) U {i}) — ves (Pre(i,m)) = min {c;-kj} :
jE(Pre(iJr)ﬁGk)O
By Lemma 1,
Vcey (Pre (i, mar) U{i}) — vy (Pre(i,mgr)) = min {c;f;*} .

jEPre(iﬂer )0
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Let t be an mt as in Lemma 2. Thus, t* = tee U {(0,4)} is an mt in
(G’g, C"P) . Because of the proof of Lemma 2, (See Bergantinos and Goémez-
Rida (2007), Lemma 3), for all (j,j') € t*, ¢, < cf;. Since (C¥)" is the

minimal network associated with t*, we deduce that

Vcey (Pre (i, mage) U{i}) — vey (Pre(i,mgr)) = min {CE‘*} :
je(Pre('i,ﬂ'Gk)ﬂGk)O

Since Pre (i,mer) N GF = P'r’e (i,7) N G*, it is enough to prove that for
all j € Pre(i,m) NG*, ¢ = c};. Let j € G".

We know that (C?)" 23 the mmzmal network associated with t* and C* is
the minimal network associated with t. Let gé’} denote the unique path in t*
joining i and j. Let g;; denote the unique path int joining i and j. By Lemma
2, tar 18 a tree in (Gk, C’W) . Since t’ék = tgr, we deduce that g;’} = gij Ctgk.
Then,

c¢F'= max {c¢’} = max {c
i (a. b)e ) { } (a.b)egi, { ab}
By definition of C¥, ¢, = ciy for all j' € G*. Now, ¢ = max {cu} =

(a,b)€gij

*
Cij- |

Claim 6 Let w € 11 such that Pre (i, 7T) NGF = @. Let 7' denote the order
induced by m in M. Namely, ' (1) < 7' (I') if and only if there exist j € G
and j' € G¥ such that 7 (j) < 7 (") . Since w € TI, 7' is well defined. Thus,

1. ves (Pre(i,m) U{i}) — vox (Pre (i, 7)) = vy (Pre(k, ') U{k}) —
vcey (Pre(k,m)).

2. veey (Pre(i,mar) U{i}) — vcey (Pre (i, mgr)) = ¢ (Mo, CY).

Proof. 1. By Lemma 1,

ves (Pre(i,m) U {i}) —ves (Pre(i,m)) = l Pmi(n : {c}} and
€Pre(1,m),
vcey (Pre(k, ') U{k}) —vey (Pre(k, ') = lepireu]?7r {ci ).

It is obvious that Pre (i,m) coincides with Pre (k,7'). Let t be an mt
as in Lemma 2. Thus, t¢ = {(k,K'):3i € G*,j € G¥ with (i,j) €t} is
an mt in (Mo, CG) . Using arguments similar to those used in the proof of

11



Claim 5, we can prove that for all I € Pre (i,7) and its equivalent coalition
'€ Pre(k, '), ¢ = c5r.

2. By Lemma 1,

Vcey (Pre (i, mage) U {i}) — veey (Pre(i,mgr)) = min {c;‘;*} )
jGPre(i,Ter)O

Since Pre (i,7) NG* = @, Pre (i,mgr), = {0}. Thus,
vy (Pre (i, men) U{i}) — vioeys (Pre (i, mor)) = cf; -
By Lemma 2, (iii), t* =t U{(0,7)} is an mt in (Gf, C¥) . Since C**
is the minimal network associated with t*,
coF = cf = (Mo, C°) .

Claim 7 Fz (No, C, G) = OU}Z (N, Ve, G) .
Proof. We know that

Fi(No,C,G) = ¢, (G§,C?) = Shi (G*,v(cey)

_ 1 Z [vicey (Pre (i, m) U {i}) — vcey (Pre (i,m))] .

jaren relly

Let X% XX the partition of Ik where

X{ = {melg:Pre(i,m)NG" # 2} and
Xy = {m€lg: Pre(i,m)NG" =o}.

Since [Hgr| = |GH |,

E; (No, C.G) = ‘G1k|' Z [vey (Pre (i, m) U{i}) — vcey (Pre (i, m))]
|Gk|| Z V(ce)* (Pre(i,m) U {i}) — Yce)* (Pre (i, W))] .

12



By Claim 6.2,

1 . . . 1
Tl > [veey (Pre(i,m) U{i}) — vy (Pre(i,m))] = Teql | X5 or (Mo, C)
) 7r€X§c ’
1
We know that
Ow; (N, ver, G) = ﬁ S Jver (Pre (i, m) U {i}) — ve- (Pre (i, )]
TellG

Let X1, X, the partition of II¢ where

X, = {rel: Pre(i,m)NG" # 2} and
X, = {rel: Pre(i,m)NG" =o}.

Since |19 = m!|G*|!,

Ow; (N,ve+,G) = m Z [ves (Pre(i,m) U{i}) — ves (Pre (i,m))]

TeX1

+ 1 Z [ve« (Pre (i,m) U{i}) — ves (Pre(i,m))].

1 GEk|!
m! |G| =

By Claim 5,

LS Jue (Pre (i, m) U {i}) — ve (Pre (i, )

k
m! |G|! =

1 ‘ ' '
’ ’ TeXi

{7T e Xy :mgr = Wk}‘ = m!. Thus, the last expres-

For each 7" € Tlg,
ston coincides with

|le|! > [veey (Pre (i,7) U{}) = vcoy (Pre (i,7"))].

WkEXf
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Let Il denote the set of all orders of the m coalitions {G1, ..., G, } . Given
w € Iy, let " denote the order induced by m among the coalitions (as in
Claim 6). For each g € llg,

{me Xy =7} = (|G| —1)!
By Claim 6.1,

1
B ﬁ 2 [vicey (Pre(k,7) ULR}) — vy (Pre (k)]
= % Z [U(cc)* (Pre (k, 77’) u{k}) — Ve (Pre (/{3,71'/))]

m!|GF| -
7' ellg

1

Z [ves (Pre(i,m) U{i}) — ves (Pre (i, m))]

TeXo

(Mo, CY).

Then, F; (Ny,C,G) = Ow; (N,ve+,G). &

And the proof of Theorem & is completed m
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