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Minimum cost spanning tree problems with
coalition structure*

Gustavo Bergantinos, Research Group in Economic Analysis
Universidade de Vigo (Spain)
Maria Gémez-Ria. Departamento de Estatistica e 1.O.
Universidade de Vigo (Spain)

Abstract

We study minimum cost spanning tree problems with coalition
structure. We assume that agents are located in different villages. We
introduce a rule for dividing the cost of connecting all agents to the
source among the agents taking into account the coalition structure.
We characterize this rule.

1 Introduction

In this paper we study minimum cost spanning tree problems (mcstp). A
group of agents (denoted by N), located at different geographical places,
want a particular service which can only be provided by a common supplier,
called the source (denoted by 0). Agents will be served through connections
which involve some cost. Moreover, they do not care whether they are con-
nected directly or indirectly to the source. This situation is described by a
symmetric matrix C, where ¢;; denotes the connection costs between 7 and j
(i,7 € NU{0}).

There are many economic situations that can be modeled in this way. For
instance, several towns may draw power from a common power plant, and
hence have to share the cost of the distribution network (Dutta and Kar,
2004). Bergantinos and Lorenzo (2004, 2005) study a real situation where
villagers had to pay the cost of constructing pipes from their respective houses

*Financial support from Ministerio de Ciencia y Tecnologia and FEDER
through grant SEJ2005-07637-C02-01 and from Xunta de Galicia through grants
PGIDIT06PXIB362390PR and PGIDIT06PXIC300184PN is gratefully acknowledged.



to a water supplier. Other examples include communication networks, such
as telephone, internet, or cable television.

We assume that agents construct a minimum cost spanning tree (mt).
The question is how to divide the cost associated with the mt between the
agents. Different rules give different answers to this question. One of the
most important topics is the axiomatic characterization of rules. The idea
is to propose desirable properties and to find out which of them characterize
each rule. Properties often help agents to compare different rules and to
decide which rule is preferred in a particular situation.

In some cases, as in Dutta and Kar (2004) or Bergantinos and Lorenzo
(2004, 2005), agents are located in different villages. This means, in terms
of the cost matrix, that the connection cost between two agents of the same
village is not larger than the connection cost between an agent of this village
and an agent from other village.

The classical model of mestp, as described above, can also model these
situations. Nevertheless, it ignores the fact that some group of agents are
located in the same city or village. It could be interesting to include this fact
in the model. We do it by considering an extra element in the model. Namely
a partition G = {G',...,G™} of the set of agents N. For each k = 1,...,m,
G* represents the coalition of agents located in the same village, city, ...

In this paper we follow the axiomatic approach and we introduce a rule
as the unique rule satisfying a set of desirable properties. Our idea is to
generalize the axiomatic characterization of the rule ¢ given by Bergantinos
and Vidal-Puga (2007c), which involves three properties. Restricted Addi-
tivity (RA) which says that the rule must be additive on the cost matrix;
Population Monotonicity (PM), which says that if a new agent comes, no
agent of the initial society can be worse off; and Symmetry (SY M), which
says that symmetric agents (with respect to the cost matrix) must pay the
same.

We adapt these properties to mestp with coalition structure. The prop-
erty of RA could be formulated in a similar way. Nevertheless, PM and
SY M should be adapted. The main idea for adapting each of these prop-
erties is claiming both twice. First among the coalitions and then among
agents inside the same coalition.

In order to adapt these properties a question comes to our mind. Should
the cost paid by the agents of a village depend on the internal characteristics
of the other village? For instance, should this cost depend on the number of
agents of the other villages? We consider that both answers, "yes" or "no",
are reasonable. In this paper we have chosen "no". Then, we have adapted
the properties of PM and SY M taking it into account.

We consider two properties of SY M. Symmetry among agents in the



same coalition (SY M A) says that if two agents are symmetric and belong
to the same coalition, they must pay the same. Symmetry among coalitions
(SY MC') says that if two coalitions are symmetric the total amount paid by
the members of each coalition minus the cost of connecting agents inside the
coalition among themselves must be the same. Two coalitions are symmetric
if their connection costs to the other coalitions are the same.

We also consider two properties of PM. Population monotonicity over
agents (PM A) says that if agent i enters coalition G*, no agent of coalition
G* can be worse off. Moreover, if the connection costs between coalition G*
and the other coalitions do not change, agents of the other coalitions must
pay the same. Population monotonicity over coalitions (PMC') says that if
a new coalition joins the society, no agent of the initial society can be worse
off.

The main result of the paper says that there is a unique rule, we call it
F, satisfying RA, SYMA, SYMC, PMA, and PMC.

We now describe the rule F'. F' can be considered as a two-steps rule.
In the first step we compute the amount that each coalition should pay in
order to be connected to the source. We do it applying the rule ¢ defined
in Bergantinos and Vidal-Puga (2007a). In the second step we decide the
amount that each agent of each coalition has to pay. For each coalition
G*, we consider the mestp inside each coalition (GE,C¥). In (GE,C¥) the
connection cost between two agents in G* is the same as in C'. Nevertheless,
the connection cost between any agent of G¥ and the source is the amount
computed for the coalition G* in the first step.

The paper is organized as follows. In Section 2 we introduce mcstp. In
Section 3 we introduce mcestp with coalition structure. In Section 4 we define
the rule F' and we present the axiomatic characterization.

2 Minimum cost spanning tree problems

Let N = {1,2, ...} be the set of all possible agents. Given a finite set N C N,
let Iy be the set of all permutations over N. Given 7 € Iy, let Pre (i,7)
denote the set of the elements of N which come before 7 in the order given
by 7, i.e. Pre(i,m) ={j € N:7(j) <m(i)}. Given S C N, let mg denote
the order induced by m among the agents in S.

We are interested in networks whose nodes are elements of a set Ny =
N U {0}, where N C N is finite and 0 is a special node called the source.
Usually we take N = {1,...,n}.

A cost matriz C' = (cij); oy, o N represents the cost of direct link
between any pair of nodes. We assume that c;; = ¢;; > 0 for each 7,5 € Ny



and ¢; = 0 for each © € Ny. Since ¢;; = ¢j; we work with undirected arcs, i.e.
(,5) = (4,9).

We denote the set of all cost matrices over N as CV. Given C, C" € CV
we say C' < C" if ¢;; < ¢; for all i, j € Np.

A minimum cost spanning tree problem, briefly an mestp, is a pair (Ng, C')
where N C N is a finite set of agents, 0 is the source, and C' € C¥ is the
cost matrix.

Given an mcstp (N, C'), we define the mestp induced by C'in S C N as
(So, C).

A network g over Ny is a subset of {(i,7):4,7 € No}. The elements
of g are called arcs. Given a network g over Ny and S C Ny we denote
by gs the network induced by ¢g among the elements of S. Namely, g =
{(i,j) € g : {15} C S}

Given a network g and a pair of nodes ¢ and j, a path from i to j in g
is a sequence of different arcs {(iy_1,7,)},_, satisfying (i,_1,i,) € g for all
he{l,2,.. 1}, i=r1p, and j = i,.

A tree is a network such that for all 2 € N there is a unique path from i to
the source. If ¢ is a tree, we usually write ¢ = {(i°, 1) },_y where i® represents
the first agent in the unique path in ¢ from 7 to 0.

Let GV denote the set of all networks over Ny. Let G}’ denote the set of
all networks where every agent ¢ € N is connected to the source, i.e. there
exists a path from 7 to 0 in the network.

Given an mestp (Ng, C) and g € GV, we define the cost associated with
g as

C(No,c, g) = Z Cij-
(i.j)€g
When there is no ambiguity, we write ¢ (g) or ¢ (C, g) instead of ¢ (Ny, C, g).
A minimum cost spanning tree for (Ny, C'), briefly an mt, is a tree t over

Ny such that c(t) = min c(g). Tt is well-known that an mt exists, even
gEgO
though it is not necessarily unique. Given an mestp (No, C'), we denote the

cost associated with any mt as m (Ny, C).

Given an mestp, Prim (1957) provides an algorithm for solving the prob-
lem of connecting all agents to the source such that the total cost of creating
the network is minimal. The idea of this algorithm is simple: starting from
the source we construct a network by sequentially adding arcs with the lowest
cost and without introducing cycles.

Formally, Prim’s algorithm is defined as follows. We start with S° = {0}
and ¢° = 0.



Stage 1: Take an arc (0,41) such that ¢, = m1]IV1 {co;j}. If there are
Je

several arcs satisfying this condition, select just one. Now, S = {0,4;} and
gt ={(0,41)}.

Stage p + 1: Assume that we have defined S? C N, and g € GV. We
now define SP™ and ¢g*!. Take an arc (i0,,,ip+1) with iJ,, € SP and

ipe1 € No\SP such that co = min cib. If there are several
P+ \ tpt1tptl k€SP IE N\ SP { }

arcs satisfying this condition, select just one. Now, SP™' = S U {i,,;} and
gt =g" U{(i) 1 ipi1) -

This process is completed in n stages. We say that ¢g" is a tree obtained
following Prim’s algorithm. Notice that this algorithm leads to a tree, but
this is not always unique.

Given an mestp (No,C) and an mt t, Bird (1976) defined the minimal

network (No, C*) associated with ¢ as follows: f; = max {cw}, where g;;
denotes the unique path in ¢ from 7 to j. Even though gij] depends on the
choice of t, cfj is independent of the chosen ¢t. Proof of this can be found, for
instance, in Aarts and Driessen (1993).

The irreducible form of an mestp (Np, C) is defined as the minimal net-
work (Ny, C*) associated with a particular mt t. If (Ny, C*) is an irreducible

form, we say that C* is an wrreducible matrix.

One of the most important issues addressed in the literature about mestp
is how to divide the cost of connecting agents to the source between them.
We now briefly describe some of the rules studied in the literature.

A (cost allocation) rule is a function f such that f (N, C) € RY and
> fi (N, C) = m (Ny, C) for each mestp (No, C). As usual, ¥, (Ny, C) rep-
iEN
reesents the cost allocated to agent 1.

Notice that we implicitly assume that the agents build an mt. As far as

we know, all the rules proposed in the literature make this assumption.

A coalitional game with transferable utility, briefly a TU game, is a pair
(N,v) where v : 2V — R satisfies v (@) = 0. Sh (N, v) denotes the Shapley
value (Shapley (1953)) of (N, v).

For each mestp (Ny,C), Bird (1976) introduces the TU game (N, vc).
For each coalition S C N,

(Yo} (S) = m(S(), O) .

There are several rules studied in the literature. We mention, for instance,
the rules studied in Bird (1976), Kar (2002), and Dutta and Kar (2004). In
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this paper the rule introduced by Feltkamp et al (1994) and called Equal
Remaining Obligations rule (ERO) will be very important. ERO is called
the P-value in Branzei et al (2004).
On the other hand, in Bergantifios and Vidal-Puga (2007a) it is defined
the rule ¢ as
© (No,C) = Sh (N, ve~)

where C* is the irreducible matrix associated with C'. Bergantinos and Vidal-
Puga (2007e) prove that, surprisingly, ¢ coincides with ERO. This rule is
also studied in Bergantinos and Vidal-Puga (2007b, 2007¢, 2007d).

We now define several properties formally.

We say that f satisfies Restricted Additivity (RA) if for all mestp (N, C)
and (Np, (") satisfying that there exists an mt ¢t = {(i°,i) }ien in (No, C),
(No,C"), and (Ny,C + C') and an order m = (iy,...,%y|) € Iy such that
and c;?il < c;gz.z <... /

<, v We have that

co, <co. <...<co
1 2 - = i

2711 — 1912 — ‘N‘i|N\

f(N07O+ Ol) = f(N()aC) + f(N07O/>‘

RA is an additivity property restricted to some subclass of problems. No
rule satisfies additivity over all mestp. The reason is that in the definition of

a rule we are claiming that Y f; (No, C) = m (Np, C) , which is incompatible
iEN

with additivity over all mcstp. See Bergantinos and Vidal-Puga (2007c) for

a detailed discussion of RA.

We say that f satisfies Population Monotonicity (PM) if for all mcestp
(No,C),all SC N,and all i € S,

fi (No, C) < i (50,C).

PM says that, if new agents join a society, no agent of the initial society
can be worse off. This is a well-known property, which has been used in many
different situations.

We say that i, j € N are symmetric if for all k € Ny \ {4, j}, cir = cji-
We say that f satisfies Symmetry (SY M) if for all mestp (No, C') and all
pair of symmetric agents ¢, € N,

fi (NUvC) = fj <N07C)'

We say that f satisfies Strong Cost Monotonicity (SCM) if for all mestp
(No, C) and (Ngy, C") such that C' < C" and all i € N,

fi(No, C) < fi( No, C").
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SC'M implies that if a number of connection costs increase and the rest
of connection cost (if any) remain the same, no agent can be better off. This
property is called solidarity in Bergantinos and Vidal-Puga (2007a).

In Lemma 1 below we present some results used in the paper. The proof
can be found in Bergantinos and Vidal-Puga (2007a, 2007b, 2007c, 2007d).

Lemma 1 (a) (Ny, C) is irreducible if and only if there exists an mt t in
(No, C) satisfying the two following conditions:
(A1) t = {(ip-1,ip) I where ig = 0.

(A2) Given ip,iq € No, p < q, then c;;, = Igl%xq {Cz',.,m}-

(b) If C is an irreducible matriz, then for all S C Ny, i ¢ S we have that
vo (S U{i}) = ve (S) = min {c;; } .
J€So

(¢) If C is an irreducible matriz, then ve is a concave game. Namely, if
SCTCN andi ¢ T, then

ve (SU{i}) —ve (S) > ve (TU{i}) —ve (T).
(d) If C and C" are under the conditions of RA, then for all S C N,
Vc+cn* (S) = Vo= (S) + v (S) .

(e) @ is the unique rule on mcstp satisfying RA, PM, and SY M.
(f) ¢ satisfies SCM.

3 Minimum cost spanning tree problems with
coalition structure

There are many economic situations that can be modeled as a mestp. Let
us mention some examples. Several towns may draw power from a common
power plant, and hence have to share the cost of the distribution network
(Dutta and Kar, 2004). Bergantinos and Lorenzo (2004, 2005) study a real
situation where a valley authority has to construct pipes from a dam to
several houses. These houses are located in different villages of the valley.
The classical model of mestp, as described in the previous section can
also model this situation. Nevertheless, it ignores the fact that some groups
of agents are located in the same city or village. It could be interesting to
include this fact in the model. That is the main issue of this section.



We do it by considering an extra element in the model. Namely a partition
G = {G',...,G™} of the set of agents N. The interpretation of G is clear.
For each k = 1,...,m, G* represents a coalition of agents, which are located
in the same city, village, ...

In many situations, for instance the examples mentioned at the beginning
of this section, the cost between any pair of agents is closely related to the
distance between both agents. Under these circumstances, it seems reason-
able that the connection cost between two agents of city G* is not larger than
the connection cost between an agent of city G* and an agent from another
city (or the source).

We now introduce the model formally. An mecstp with coalition struc-
ture is a triple (Ny, C, G) where (N, C) is an mestp, G = {G*,...,G™} is a
partition of N and for each k£ =1,..m

s e} < min o)

A rule in mestp with coalition structure is a function f such that f (Ny, C, G) €
RY and > f; (No, C, G) = m (Ny, C) for each mestp (Ny, C).

iEN
As in classical mcestp, the main objective is to divide the cost associated
with an mt among the agents in a fair way.

Example 2 Consider the mcstp (No, C,G) with coalition structure where
N =1{1,2,3}, G ={G",G?}, G ={1,2}, G* = {3}, and matriz C which

1s represented in the following figure:

In this case m (Ny, C') = 14. Moreover, 12 units are associated with the cost
of connecting cities 1 and 2 with the source and 2 units are associated with
the cost of connecting agents 1 and 2 inside city 1.



Since we are looking for fair shares it seems reasonable to divide these 2
units equally between agents 1 and 2.

The 12 units comes from the construction of the network in which some
of the three agents is connected with the source and some agent of G' is
connected with agent 3. In order to divide the 12 units among the agents two
approaches seems reasonable.

1. The cost paid by each city does not depend on the characteristics of
the other city. Assuming it both cities are symmetric. Thus, each city
should pay 6. Since agents inside city 1 are also symmetric, both pay
the same. Then, agent 1 pays 14+3=4, agent 2 pays 1+3=4, agent 3
pays 6.

2. The cost paid by each city should take into account the number of agents
who get benefits from their connection. Thus, city 1 should pay twice
than city 2, i.e. city 1 pays 8 and city 2 pays 4. Since agents inside city
1 are also symmetric, both pay the same. Then, agent 1 pays 1+4=35,
agent 2 pays 1+4=5, agent 3 pays 4.

In this paper we have decided to follow the first approach. Thus, some
properties introduced later will be defined accordingly.

4 The rule and the axiomatic characteriza-
tion

In this Section we follow the axiomatic approach and introduce a rule as the
unique rule satisfying a set of desirable properties. Our idea is to generalize
the axiomatic characterization of the rule ¢ given by Bergantinos and Vidal-
Puga (2007d), which involves three properties: RA, PM, and SY M.

Now we adapt these properties to mestp with coalition structure. The
property of RA could be formulated in a similar way. Nevertheless, PM and
SY M should be adapted. The main idea for adapting each of these properties
is claiming both twice. Once among the coalitions and other among agents
inside the same coalition.

We say that f satisfies Restricted Additivity (RA) if for all mestp with
coalition structure (No, C, G) and (N, C’, G) satisfying that there exists an
mt t = {(:°4) }ien in (No, C,G), (No,C',G), and (No,C + C’,G) and an



order 7 = (i1,...,4n) € Iy such that c;o; < ¢ and

0., < ... <
iy =

C:0
i2 = "N |4

Co. <. < ...
1 2

< < < ., we have that
1911 1512 YN [N

f(NO>C + C/’ G) = f(NOa Cv G) + f(NOa Cla G)

We say that f satisfies Symmetry among Agents in the same Coalition
(SY MA) if for all mestp with coalition structure (N, C, G) and all pair of
symmetric agents i,j € G* € G,

fi (No, C, G) = f; (Ny, C, Q) .

We now define symmetry among coalitions. We first define symmetric
coalitions. Intuitively two coalitions of agents are symmetric if their connec-
tion costs to the other coalitions are the same. Because of the model each
pair of coalitions G* and G*¥ can connect in several ways. For each pair
of agents i € G*, j € G* they can construct the arc (,7). Since we are
assuming that agents will construct an mt, it is reasonable to assume that
they will construct an arc (4, 7) with minimum cost.

We say that two coalitions G* and G¥ are symmetric if for all Gt €
Go \ {Gk, G’k'},

it (= ol ()
The next step is to say that symmetric coalitions should pay the same.

The amount paid by coalition G¥ is > fi (No, C, G). Thus, we can decom-
i€GF

pose this amount in two parts: the cost of connecting agents inside the

coalition among themselves, m (Gk, C’) , and the cost of connecting the coali-

tion with the source (possibly through other coalitions), >  f; (Ng,C,G) —
ieGF

m (Gk, C) . We are assuming that the amount paid by a coalition should not
depend on the internal characteristics of the other coalitions. Then, it seems
reasonable to say that m (G’“, C) should be paid by agents of G*. Thus, we
formulate the second symmetry property as follows.

We say that f satisfies Symmetry among Coalitions (SY MC) if for all
mestp with coalition structure (Ny, C, G) and all pair symmetric coalitions
G+ G¥F € G,

> Fi(No,C,G) = m (G5,C) = 3 fi (N, €,6) —m (G¥,C).

ieGk ieGK

We now define the two population monotonicity properties, over coalitions
and over agents.
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The idea of population monotonicity over coalitions is quite simple. If a
new coalition joins the society, no agent in the initial society can be worse
off. Formally, we say that f satisfies Population Monotonicity over Coalitions
(PMC) if for all mestp with coalition structure (Np, C, G), all G* € G, and
all i € N\G*,

fi (No, C,G) < fi ((N\Gk)o ,C,G\G") .

The population monotonicity over agents will apply when an agent enters
a coalition. We claim that no agent in the initial coalition can be worse off.

Furthermore, assume that after the entrance of agent 7 in coalition G* the
minimum connection cost between coalition G* and the rest of the coalitions
does not change, i.e. for each G', [ # k, je(?lhij?ec;l {cjj} = jeGkLIJIg?j’eGl {cji}.
Since we are assuming that the amount paid by a coalition should not depend
on the internal characteristics of the other coalitions, and the entrance of
agent ¢ does not change the connection cost among coalitions, we claim that
the agents in the others coalitions must pay the same.

Formally, we say that f satisfies Population Monotonicity over Agents
(PMA) if for all mestp with coalition structure (No, C, G), all G* € G, and
all i € G* such that G*\ {i} # @,

£i (No, C,G) < f5 (N\ {i}),, C, (G\G*) U (G*\ {i}))
for all j € G*\ {i}.

. l . . _ .
Moreover, if for each G* with I # k, min {c;} = min  {¢;;},
JEGk j'eGl JEGF\{i},j' €G!

fi (No, €, G) = f; (N\{i})y, C, (G\G") U (G*\ {i}))
for all j € N\G*.

then

We now define the rule F' in mestp with coalition structure. We first give
the intuitive idea. This rule can be considered as a two-steps rule. In the first
step we compute the amount that each coalition should pay in order to be
connected to the source. We do it applying the rule ¢ defined in Bergantinos
and Vidal-Puga (2007a).

In the second step we decide the amount that each agent of each coalition
has to pay. For each coalition G*, we consider the mcstp inside each coalition
(G'g, C‘P) . In this mestp, the connection cost between two agents of G* is the
same as in C' but the connection cost between any agent of G* and the source
is the amount computed by the coalition G* in the first step.

We now present the definition formally. Given the mcstp with coalition
structure (Ny, C, Q) , with G = {G',...,G™} and M = {1,...,m} we define
the mestp among coalitions (MO, C’G) as follows:

11



o My={0,1,....m}.

e (% is the cost matrix and for each k,k’ € M, the connection cost
between k and £’ is denoted by

¢, = min  {c;}.

ieGk jeGF
Let (No, C, G) be an mestp with coalition structure and i € G*. We define,
E (N07 07 G) = ¥; (Glga Cip)

where _ -
R if 0¢ {j,j'}
7 or (Mo, C%) it 0 € {j,5'}.
Before introducing the results of the paper, we present Lemma 3, which
will be used often in the proofs of the main results.

Lemma 3 Given (Ny, C,G) we can find an mt t in (No, C) satisfying:
(i) For each k =1,...,m, tgr induces an mt in (Gk,C’) )
(i) {(k, k') : 3i € G*,j € G¥ with (i,j) € t} is an mt in (Mo, C%).
(iii) For each k = 1,....,m and each i € G*, tg, U {(0,i)} is an mt in
(G, C%).
Proof. We prove that, when we apply Prim’s algorithm, if at Stage p,
I

SP — (U Gkﬂ'> UG where G' C G+, G' # @, and G’ # G*+1, then at Stage

=1

p+ 1 we can select an arc (2’2+1, ipH) where igH € G’ and iy, € GP+H\G'.
Let (i9,1,ip41) be such that i, € G, ip11 € GM+\G' and

= min {Cij} .

Ci0 |
1tp+1 . .
Pt i€G! jeGRI+ING’

By definition of Prim’s algorithm it is enough to prove that Ci0 ipia < ¢
in the following cases:
I+1
1.ie @, je N\ (U G’“J‘) - Thus, ¢jo i, < cij because {i0, 1 ipt1} C
j=1

le'H, 1€ le'H, ] S Gk,, K S {]., ...,m}\{kl, ...,kl+1}, and kl+1 7é K.

12



!
; kj ; k ! .
2.1 € UG , J € G'\G'. Thus, o,
=1

G, i e G, K € {ky, ...k}, j €GP+, and kg # K.

. .0 .
i < Cij because {2p+1,2p+1} C

I
3. 1€ UG’“@ j ¢ GR\G'. Thus, €0, ipen < Cij because {0,1,ips1} C

p+1
j=1
Ghi i e GF K € {ky, .. kY, j € G*, K € {1,...m}\ {ky, ..., kip1}
and k" # k'

We now prove parts (i) and (i) .

We apply Prim’s algorithm to (No, C). Let (0,iy1) be the first arc selected
according Prim’s algorithm. We assume wlog that iy € G'. If G*\ {i1} # @,
by the previous statement, in Stage 2 of Prim’s algorithm we can select an
arc (19, 12) satisfying that i € G N S = {i1} and iy € G'\ {41} .

If we repeat this argument we can prove that for each p = 2, ..., |G| the
arc (ig, @'p) selected at Stage p satisfies ig €G! and i, € G.

In Stage p = |G*|+1 we select an arc (i9,i,) where i € G*U{0} and i, ¢
Gt U{0}. We assume wlog that i, € G*. By definition of Prim’s algorithm,
Ci%i, = ¢y when i) € G' whereas Cigi, = c§y when i = 0. Repeating the same

argument as above we can prove that for each p = |G| + 2, ..., |G' U G?| the
arc (ig, @'p) selected in Stage p satisfies ig € G? and i, € G*.

In general, for each q = 1,...,m and for each p = ‘Ulq;llGl|+2, . U?ZlGl}

the arc (zg,ip) selected in Stage p satisfies ig € G? and i, € G?. Moreover,
for each g =1,...,m and for each p = ’U?;llGl‘ +1 the arc (ig, ip) selected in
Stage p satisfies i € UI_{G' U{0} and i, € U, _,G".

Now it is easy to conclude that parts (i) and (ii) hold.

We now prove part (iii). Let k € {1,...,m}. Because of parts (i) and

ii) it is enough to prove that for each i € G* ¢ > max {c?,}. Since
02 & 77
J.3'€G

¢t = ¢p(Mo,C%) for all i € G* and cf;, = cjp for all j,j' € G*, we must
prove that ¢, (Mo, CG) > max {ij’}-
jJ’GGk

Given an mcestp (Ny,C), for all i € N, ¢; (Ny,C) = Sh; (N,ve+). By
Lemma 1 (b), for all S C N, i & S, ve- (SU{i}) —ve- (S) = ¢ for some
€ So\{i}. So, ¢, (No,C) > mi )

j € So\{i}. So, & (No,C) = min_{cj;}
Thus, (Mo, C%) > min  {(c§,)"}. Since the matriz irreducible is

k'eMo\{k}
the minimal network associated with an mt,

. G O\ * . G
k,erﬁér\l{k} {(cw) } = k,g]{}}){l{k} {ciw} -
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Because of the definition of (No,C,G), min {cf.,} > max {¢;;},

k'€ Mo\ {k} j.jEG
Thus, Lemma 3 (iii) holds. m

In the next Proposition we prove that ' is a rule in mcstp with coalition
structure. We also prove that F' generalizes the rule ¢ defined in Bergantinos
and Vidal-Puga (2007a).

Proposition 4 (a) For each mcstp with coalition structure (No, C,G) ,

> Fi(Noy,C,G) =m(N,,C).

1EN

(b) Let (Ny, C,G) be an mestp with coalition structure where G = {N}.
Then, for each i € N,

E (N0707 G) = ¥; (NO’C) .

(c) Let (No, C, G) be an mcstp with coalition structure where G = {{i}},.y -
Then, for each 1 € N,

E; (No, C, G) = ; (No, C)..
Proof. (a) By definition of F,
Y E(No,C,G) =) 0 (G, C%).
iEN k=1 icGk

Since ¢ is a rule in mestp, for each k = 1,...m, > ¢, (G’g,C@) =

1€GF
m(GE, C¥). So,
Y F(No,C,G) =Y m(G§,C%).
iEN k=1
By Lemma 3 (iii), for any k = 1,...,m, we can construct an mt in

(GE,C?), tex U {(0,i)} with i € G*. Thus, m(G§,C?) = m(GF,C%) +
o, (Mo, C%). Hence,

NE

> Fi(Ny,C.G) =

1EN k

[m(G*,C%) + ¢ (Mo, C%)]

1

I
NE

m(GF, C?) + Z o (M, C9).
k=1

e
Il

1

14



Since ¢ is a rule in mestp, > o (Mo, C%) = m(My, C%). Now,
k=1

ZFl (No,C,G Zm Gk C"D —|—m(M0,C'G)
iEN k=1

By definition of C¥, cfj = ¢;j for all i,j € G*. Thus, m(GF,C¥) =
m(G*,C). Hence,

m

D Fi(No,C.G) =Y m(G*,C) + m(Mp,C).
ieEN k=1
By Lemma 3 (i) and (ii), m(Ny, C) = f: m(G*, C) + m(My, C%).
k=1

Replacing this expression in equation above, we obtain the result.

(b) Let G = {N}. Thus, F(Noy,C,G) = p(Ny, C¥).
By definition, c; = ci; for alli,j € N and cf; = mi]{ll {co;} for alli € N.
je

Thus, C' > C%. Since ¢ satisfies SCM, p(No, C) > o(No, C¥). By Lemma 3
(7i1), m(Ng, C') = m(Ny, C?). Now, p(Ng, C) = ¢(Ny, C¥).

(c) Let G = {{i}},c - For eachi € N,
Fi(N07 C, G) = 902‘({2.}07 %) = Cgi = ¢;(Mo, CG)

Moreover, My coincides with Ny and C¢ coincides with C. Therefore,
F(NO7C7 G) - QD(N())C) u

We now present the main results of the Section.

Proposition 5 F satisfies RA, SYMC, SYMA, PMC, and PMA.
Proof. We divide the proof in several claims.

Claim 6 F satisfies RA.

Proof. Let (Ny,C,G) and (Ny,C', G) be two mestp with coalition struc-
ture satisfying that there exists anmt t = {(i°,4) }ien in (No, C, G), (No, C", G),
and (NO,C + C',G) and an order m = (i1,...,4n)) € Iy such that Cioiy <
Cigiy <o < €O i and C;?il < C;gig <...< C;ON|’L'\N\.

We ﬁrst prove that it is possible to find a tree t satisfying the conditions
of RA defined above and the three conditions of Lemma 3 for the problems

C,C' and C + C".

15



Let t be the tree satisfying the conditions of RA. Assume that there exists
G* € G such that tex s not a tree in G*. Since t is a tree in Ny, tee has no
cycles. Let {X1, ..., X;} the partition of G* in connected components induced
by tae. Namely, if i,j € Xy for somel’ =1,...,1, then there is a path in tqx
from i to j. Moreover, if i € Xy, j € Xiw and " # 1", then there is no path
in tgr from i to j.

Leti € Xy, j € Xpn and ' #1". Since t is a tree there is a path g;; int
from i to j. For each arc (7', j') € gi; we have that t* = (t\ {(¢',7)}) U{(%,7)}
is a tree in (No,C). Since t is an mt in (Ny,C) and (No,C"), ¢ij > cpjr
and ci; > cjy. Since i € Xy and j € Xy we can find (i',j') € gi; such
that i' € G*, j' € G', and | # k. Because of the definition of (Ny,C,G) and
(No, €', G") we deduce that ci; < cyy and c; < Cujr. Then, cij = cpy and
¢j; = ¢y Hence, t' is an mt in (No, C, G), (No,C", G), and (No,C +C",G).

The order ' = (iy,...,iy) € Iy obtained by changing in the order m
the arc (', j") by (i,7) also satisfies the conditions of the definition of RA.

Now, thk induces a partition of G* in | — 1 connected components. If
[—1=1, then ték induces a tree in G*. Otherwise we proceed with t* as with
t. Finally, we find an mt =1 such that th_kl induces a tree in G*.

Once we finish with G* we proceed with the other coalitions. At the end of
the procedure we find an mt t? such that tgk induces a tree in each G* € G.
That is, t satisfies the conditions of Lemma 3 (i). Since t? is a tree in Ny, we
deduce that tP also satisfies the conditions of Lemma 3 (ii). Using arguments
similar to those used in the proof of Lemma 3 (iii), we can prove that t* also
satisfies the conditions of Lemma 8 (iii).

Thus, we can assume that the tree t also satisfies the conditions of Lemma
3.

Let G* € G. Since t satisfies the conditions of Lemma 3 (ii), (Mo, C%)
and (MO, C’G) are under the conditions of RA. Since ¢ satisfies RA, ¢, (Mo, CG)+
©p, (MO,C”G) = ¥ (MO,C’G + C’G) . Moreover, it is easy to see that C% +
C'% = (C+C")°.

Since t satisfies the conditions of Lemma 3 (ii1), we have that t* = tge U
{(0,4;)} with i; € G* is an mt in (G&,C¥), (GE,C"?), and (GE, (C + C")%).

Let mgr = (iy, ,Z‘Gk|) be the order induced by @ over the agents in G*.
We have proved above that for all (j,j') € ter, c5; > ¢ and e > c;?,.
Therefore, (G, C%) and (G&,C"®) are under the conditions of RA. Since ¢
satisfies RA, ¢,(GE,C?) + 0,(GE,C"%) = ¢;(GE,C? + C'?) for all i € G*.
Moreover, it is easy to see that C¥ + C'? = (C' + C")%.

16



Now, for all G¥ € G and all i € G*,

Fi(N07 C7 G) + FZ'<NU> Cl? G) = @i(va CSO) + Qoi(G’gv C/AD)
:(G, (C + C)%)
— F(No,C+C,G).

Claim 7 F satisfies SY MC.
Proof. Let G* and G¥ be two symmetric coalitions. Then, for all G €

G\{G*, G*},
o= min {c;}= min {c;}=c,
i€Gk jeG) icGF jeGl
That is, k and k' are symmetric agents in (Mo, CG) . Since ¢ satisfies

SYM} Pk (M07 CG) = Py (MOa CG) .
By Lemma 3 (i), m(GE, C?) = m(GF, C) + ¢, (My, C%). Thus,

Y Fi(No,C.G) —m(GF.C) = Y ¢i(GE,C%) —m(G*,C)
i€eGE

= m(G’g,(J@) —m(Gk,C’)

= Sok(M0>CG)'

ieGk

Repeating the same argument with G* instead of G*, we obtain that
Z E(Nm 07 G) o m(lea C) = SDk'(Mo, CG)
icGF

Thus, F' satisfies SYMC. m
Claim 8 F satisfies SY M A.
Proof. Let i,j € G* € G be symmetric agents in (Ny,C,G). By
definition of C¥, for all j/ € G*, ¢y = ciyand ¢, = cjy. Moreover,
b = cb; = op(Mo, C%). Hence, i and j are symmetric agents in (Gf,C?) .
Since ¢ satisfies SY M, o, (G’g, C"P) = @; (G’g, C"P) . Thus,

E(NOa Ca G) = ¢; (vacﬂp) = (pj (G’(;?,CSO) = F’]'(NOa C: G)

Hence, F satisfies SYMA. m

17



Claim 9 F satisfies PMC.
Proof. Let G* € G. Since ¢ satisfies PM, ¢,(My, C%) < o,((M\{k})o, C%)
for all | # k.
Let C'? denote the matriz C'¥ associated with the problem ((N\G”“)0 ,C,G\G").
Let G' € G\G*. For alli,j € G', ¢, = ¢7. Forallie G,

Y 1,]

cgi = 21(Mo, C) < o (M\{k})o, CF) = .-

That is C¥ < C'"%. Let i € G'. Since ¢ satisfies SCM, (G, C¥) <
0.(GL, C"%). So, F;(Ny, C,G) < ((N\Gk) ,C,G\G*), i.e. F satisfies PMC.
[

Claim 10 F satisfies PMA.

Proof. Let G* € G and i € G*, G* # {i}. Let G' = (G\G*) U (G*\{i}).
By convenience, let us denote as C' the cost matriz C restricted to the problem
((N\{i})o,C,G"). Notice that C" coincides with C' for the agents in (N\{i})o.

We consider seveml cases

1. Assume that ¢ = "foralll € {0,1,...,m}. Thus, ¢, (MO,CG) =
¢, (Mo, C'Y") for alll = 1,...,;m. Hence, ((G*\{i})o, C¥) = ((GF\{i})o,C").

e Since ¢ satisfies PM, ¢; (G§,C?) < ¢; ((GF\{i})o, C¥) for all
j € G*\{i}. Then,

Fj(N070> G) = (pj (G/&C@) < Spj ((Gk\{z})m CW)

= ¢; ((G"\{i})o, C"*)

= Fi((N\{i})o,C, &)
for all j € GF\{i}.

o Let G' € G such thatl # k. Then, c¢¢ iy = C‘P forall 3,7 € G'U{0}.
Hence, ¢;(Gf, C?) = ¢;(Gl,C") for all j € G". So
Fj(Noa C, G) = @j(Géa C(p) = Spj(Gé)’ Cl@)
= Fi(N\{i})o, C", &)

for all j € G'.
2. Assume that ¢§.. # ¢S for some k* € {0,1,...,m}. Then, c$,. < ¢S..
Moreover, ¢§. < ¢S for all 1,1* € {0,1,...,m}.

Since ¢ satisfies SCM, ¢, (MO,C’G) § ©Or (MO,C’G) Now, CN = cﬁ*

Jor all j,j* € GF\{i} and c§; < ¢ for all j € GF\{i}. Since ¢ satisfies
SCM, ¢; ((Gk\{i})g,C“”) < @; ((Gk\{i})o, C”‘/’) for all j € GF\{i}.

18



Since ¢ satisfies PM, we have that ; (GE,C?) < ¢, ((GF\{i})o, C?).
Then,

Fi(No,C,G) = o, (GE.C¥) < o, (GF\{i})o, C?)

< @ ((Gk\{i})oﬂow)
— RN\, G

for all j € GF\{i}. m
|

Proposition 11 There is a unique rule satisfying RA, SYMC, SYMA,
PMC, and PMA.

Proof. Let f be a rule in mestp with coalition structure satisfying RA,
SYMC, SYMA, PMC, PMA. We prove that f = F. We proceed with

several claims.

Claim 12 If G = {{i}},.y or G = {N}, then f (No,C,G) = ¢ (Ny,C).
Proof. Let G = {{i}},cy. i.e. each agent forms a coalition. Given an
mestp (No, C) we define f' (No,C) = f (No,C,G) . Then,

D f(No,C) =D fi(No, C,G) = m (Ny, C).

iEN €N

Hence, f' is a rule in mcstp.

Since f satisfies SY MC' in mcstp with coalition structure, f' satisfies
SY M in mestp. Since f satisfies PMC' in mestp with coalition structure, f’
satisfies PM in mestp. Moreover, f' also satisfies RA. By Lemma 1 (e), ¢
is the unique rule in mcstp satisfying SY M, RA, and PM. Thus,

f(No, C,G) = " (No, C) = (N, C).

Let G = {N}, i.e. all agents are in the same coalition. Given an mcstp
(No, C) we define f' (No,C) = f (No,C,G). As above, f" is a rule in mcstp.

Since [ satisfies SY MA in mcstp with coalition structure, f' satisfies
SY M in mestp. Since f satisfies PM A in mcstp with coalition structure, f’
satisfies PM in mestp. Moreover, [’ also satisfies RA. By Lemma 1 (e), ¢
is the unique rule in mcstp satisfying SY M, RA, and PM. Thus,

f(No, C,G) = " (No, C) = (N, O).
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Claim 18 For each mcstp with coalition structure (Ny, C, G) and each G* €
G, let (N{, C", G") be the problem obtained from (No, C, G) by considering that
the rest of the coalitions have a unique agent whose connection cost to the

1eM\{k}
G = {G*"} U {{i} hiemngry, and C' is defined as follows: if i,j € GF U {0},
then ¢; = c;;. If i € G* and j = i, with | € M\{k}, then ¢j; = cf;. If i = 0
and j = iy with | € M\{k}, then ¢j; = c§. If i =iy, j = iy and k ¢ {I,'},
then c; = cff,.
Then, for each i € G¥,

rest of the agents is given by (Mo, C¢) . Namely, N' = G* U ( U {zl}) ,

fi (No, C, G) = fi (N, C", G") .

Proof. Let (Ny, C,G) be an mestp with coalition structure and G* € G.
We assume, wlog, that k = m.
We take (N, C", G") = (Ny,C,G). For each | = 1,...,m — 1 we define
(NE, C" . G") as follows.
e N = N1 u {i}.
3 (G’l)l = (G’Z_l)l U{i} = G'U {is}. For anyl' # 1, (G’l)l =
(G/lq)l' ‘
o C" is defined as follows:

Cij Zf’L,j S N(l)l_l
dhi=40 ifi=i,jed
&G ifi=d, j GV 1#T

For each 1l =1,....,m — 1 and for each l' # 1,

min {clY = min {c

ic(a) ge(an)' T ie(an 1) ge(an)”

/n—1
]

Since [ satisfies PMA, for alli € G™ and alll =1,....m — 1,
(NG~ O G = fi(NgL ¢ G,
Now,
fi(No,C,G) = fi(Ng, C°,G°) = fy(Ng"~ 1, "™ 1, g™ ).
Since f satisfies PM A, for all i € G*,
fi( Nt o=t g™ = £i(N), C', @),
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Claim 14 For each mcstp with coalition structure (Ny, C, G) and each G* €

G,
Z fz (N07 C? G) = fk (M07 CG) {{l}}’lnil) +m (Gka O) .
ieGFk
Proof. Consider the problem among coalitions (Mé, C"G/) associated with

(N}, C",G") defined in Claim 13. It is trivial to see that C'®" coincides with
a

C
Applying Lemma 3 it is easy to deduce
m (NG, C") = m (Mo, C%) + m(G*, 0).
By Claim 137 Z fl (N0707 G) = Z fl (N(l)aclaG,) : Then,
ieGF ieGFk
S RINGCLGY D (N0 CG) = Y fi (NG CLGY + Y i (NG, CL G
leM\{k} el leM\{k} 1EGF

= m (Mo, C%) +m(G",C)

= > fil (Mo, CE{{I}},) + m(GF, C).

=1
Now, it is enough to prove that for all l € M\{k},
fu (NG, €', G') = fi (Mo, C% {{I}},) -
Let 1 € M\{k}. Applying Claim 13 to (N}, C",G") with G" instead of G*

we obtain that
fiz <N67 C/a G/) = fiz (N(/),> CH? G”)

where N" = {iy,...,im}, c;;ij, = chj, for all 4,7 = 0,1,...,m, and G" =

{{i;}}7L, - Notice that (Ng,C",G") is equivalent to (Mo, C%, {{I}}",) . By

Claim 12 we have

fu (NG, C",G") = 3, (Ng. C") =, (Mo, C%) = fi (Mo, C“, {{U} 1) -

Claim 15 It is enough to prove that f is unique on the subclass of mcstp
(No, C, G) satisfying that there exists © € Ry and a network g such that

ci; =x if (1,7) € g and ¢;; = 0 otherwise.
Proof. Norde et al. (2004) proved that if C' is a cost matrix, then there
exists a family {Cp}zzl of cost matrices satisfying three conditions:

LC=y" c
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2. For each p € {1,...,a} there exist xP € R and a network gP such that
¢y = xp if (1,7) € g and c; = 0 otherwise.
3. There exists 0 : {(i,7)}ijenoici — {1,2,...,@} such that if
kol e N withi < j, k <1, and o(i,5) < o(k,l), then ¢;; < ¢ and
<, forallpe{l,.. a}.

(]
&

By condition 3, C' and ZZ:Q C? satisfy the conditions of the definition
of RA. Hence,
f(No,C,G) = f (No, C",G) + f (NO,ZC”,G> :
p=2

By condition 3, C? and Zzzg C? satisfy the conditions of the definition
of RA. Hence,

f (NO, > e, G) = f(No,C*%G) + f (No, > e, G) :
p=2 p=3

Repeating the same argument we obtain that
f(No,C,G) =) f(No,C?, ).
p=1

By condition 2, Claim 15 holds. m

Let (Ny, C, G) be an mcestp with coalition structure and G* € G. By Claim
18 we can assume that (No,C,G) has the same structure as the problem
(N§, C',G") defined in Claim 13.

By Claim 15 we can assume that there exists x* € R, and a network g
such that ¢;; = x if (1,7) € g and ¢;; = 0 otherwise.

Claim 16 Let G* € G. Assume that there exists | € My\{k}, and i’ € G*
such that cy;, = 0. Then, for eachi € G*,

fe (Mo, ¢ {{1}}2))
|G*] '

fz‘ (No, O, G) -

Proof. We know that max {c;;} < min  {¢;}. Since min  {¢;} <
i,jEGE i€Gk jENo\GF i€G*, jENo\GF

cini, = 0, we have that c;; = 0 for all i,j € G*. Therefore, m(G*,C) = 0. By
Claim 14,
D fi(No, C,G) = fi (Mo, C% {{I3N) -

i€GF
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Moreover, cy; € {0, 2} for all i € G*. Two cases are possible:
1. There exist i* € G* such that co;» = 0. Then, c§; = min {co; } = 0.
ieGh

By Lemma 3 (), for all S C G, vcey (SU{k}) — vcoy (S) = 0. Thus,
o (Mo, C%) = Shy, (M, vey) = 0. By Claim 12, fi (Mo, C% {{I}}]") =
or (Mo, CY) . Thus,

i (Mo, C% {{I}}]) = 0.

Let i € G*. By PMG, f;(Ny,C,G) < fi (GIS,C',{G’“}). By Claim 12,
fi (GS,C’, {Gk}) = @, (G’g, C’) . Since c;j =0 for all j,j € GE, ¢, (G’g, C’) =
0. Thus,

1i(No, C, G) = 0.

2. coi = x for alli € G*.

We first prove that given i,i' € G*, i and i’ are symmetric agents. We
know co; = coy = x. We have seen that c¢;j = cy; = 0 for all j € G*\ {4,i'}.
Since (No, C,G) has the same structure as the problem (N}, C",G") defined
in Claim 13, c;; = cy; for all j € N\G*.

Since f satisfies SYMA, f; (No,C,G) = fu (No,C,G) for all i,i' € G*.
Thus, for all i € G*,

ZieGk fz (NOv Ca G) _ fk (MO’ CG’ {{l}}lril)

fz( 0707G) ‘Gk| ’Gk‘

Claim 17 Assume that for all | € Mo\{k} and all i € G*, c;;, = x. Thus,
for each i € G*,
fi (No, C,G) = f; (G’S,C’, {Gk}) .
Proof. Lett' be an mt in (Gf,C) and let t" be an mt in ((N\Gk)o ,C).
Following Prim’s algorithm, we can construct an mt t in (Ny, C,G) such that
t =t Ut". Therefore,

m(No, C) =m (G§,C) +m ((N\G*),,0) .
Since f satisfies PMC, f;(No,C,G) < fi (G, C,{G*}) for alli € G* and
£:(No, C,G) < ((N\Gk)O,C, { {Gl}}leM\{k}> for all i € N\G*. Thus,

m(No,C) = > [ilNo,C,G)+ Y filNo,C,G)

ieGk iEN\GF
< Z Ji (Glga C, {Gk}) + Z Ji ((N\Gk)o O, {{Gl}}leM\{k}>
1€GF iEN\GF

= m (G, C)+m ((N\Gk)O,C) :
Thus, fi(No,C,G) = f; (G’g, C, {Gk}) forallic G*. m
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Claim 18 For alli € G*, f;(Ny,C,G) = F; (Ny, C, G).
Proof. We distinguish two cases, given by Claims 16 and 17.
1. There exists | € My\{k}, and i' € G* such that cy;, = 0.
Let i € G*. By Claim 16,

e (Mo, CC {1,
|G*] '

fz‘ (No, C, G) -

By Claim 127 fk (M07CG7 {{l}}lrio) = ka(M()?CG)' SO}

_ @k(Mm CG)

iN77

Consider now the problem (Gg,C%) where 7, = c; if 0 & {j,j'} and
b = ox(Mo, CY) for all j € G*.

We have seen in the proof of Claim 16 that cjy = 0 for all j,j' € G*.
Therefore, m(GE,C?) = ¢, (Mo, C%) and all agents in G* are symmetric in
(GE,C?). Since o satisfies SY M,

(Pk(MU? CG)

(GE ¥ =
%(Gmc) ’Gk|

Then,
fi (N07 07 G) = QO,L(GIS, CSO) = F’L (N07 07 G) .

2. Assume that for all | € Mo\{k} and all i € G*, ¢;;, = x.

Leti € G*. By Claim 17, f;(No,C,G) = f; (Gt,C,{G*}). By Claim 12,

Consider now the problem (Gg, C¥). We know that ¢f;, = c;5 if 0 & {j,5'}
and cf; = (Mo, CY) for all j € G*.

For alll # k, ¢, = x. Now it is not difficult to prove that for all S C My,

voe- (S U{k}) —vee (S) = x. Thus, ¢, (Mo, C%) = Shy, (M, veex) = .
Hence, (G§,C?) = (G§,C) . Then,

fi (NOa 07 G) = ¥; (G’(§7C) = 901<G§7 CSO) = F’L (N07 O? G) .

And the proof of Proposition 11 is completed. m
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The next theorem is a trivial consequence of Propositions 5 and 11.

Theorem 19 F' is the unique rule satisfying RA, SYMC, SYMA, PMC,
and PMA.

Proposition 20 The properties used in Theorem 19 are independent.

Proof. We prove that if we remove some of the properties of Theorem 19,
we can find more rules satisfying the other properties. We do it by considering
several claims. In each claim we define a rule satisfying four properties but
failing the other. We do not make the proofs rigorously in order not to enlarge
the paper. We simply give an idea of the proof.

Claim 21 There exist rules satisfying RA, SYMC, SYMA, and PMC' but
failing PM A.

Proof. We define the rule f* as follows. Let (Ny, C,G) be an mcstp with
coalition structure and i € G* € G. Then,

P (Mo, CG) + m(Gk, C)

1
L(N, -
FH(Ny, C, G) rel

1. f! satisfies RA. Using arguments similar to those used in the proof of
Claim 6 we can prove that

gOk (Mo, (C -+ C/)G) = gOk (Mo, CG) + QOk (M(), CIG)

and
m(Gk, C+0C) = m(Gk, )+ m(Gk, ).

Now it is trivial to see that
f1(No, C + C',G) = f1(No, C,G) + f1(No,C", G).

2. f' satisfies SYMC. Let G* and G*' be two symmetric coalitions.
Then, k and k' are symmetric agents in (MO, C’G) . Since ¢ satisfies SY M,
Pk (M07 CG) = Py (M07 CG) . NO’U},

N AN, C.G) = m(GF,C) = g (My, CC)
1€GF
= g&k/ (Mo,CG)
= > flNo.C.G) = m(G".C).

icGHF
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3. f1 satisfies SY M A. It is trivial.
4. f! satisfies PMC. Let G* € G. Since ¢ satisfies PM, ¢,(My, C%) <

o((M\{k})o,C%) for alll # k.
Thus, for alli € G, | # k,

¢, (Mo, C%) +m(G', C)
led
pu(M\{k})o, CF) + m(G', C)
leg
= le((N\Gk)o ,C, G\Gk)

.fz’l(NO’ Cv G) =

<

5. f! fails PMA. Assume that G = {N}. Thus, f! divides m (Ny,C)
equally among the agents. In this case it is trivial to see that f! does not
satisfy PMA. m

Claim 22 There exist rules satisfying RA, SYMC, SYMA, and PM A but
failing PMC.

Proof. We define the rule f* as follows. Let (Ny, C,G) be an mcstp with
coalition structure and i € G*. Thus,

m (M[), CG)

? (N = Sh; (G*, v}
fl( 0707G) S Z(G7UC)+ |M||Gk|

where for all S C G*, v (S) =m (S, C’(g) and Cfs is the irreducible matriz
associated with the problem (S, C') .

1. f* satisfies RA. By Lemma 1 (d), for all S C N, vicycry (S) =
ves (S) +ver (S) . Using similar arguments we can conclude that for all S C
G, v, 0 (S) =2 (S)+ v (S) . Since Sh is additive on v, we conclude that

Shi (G*,v&,cr) = Shi (GF,v&) + Sh; (G*,v) .

We have proved in the proof of Claim 6 that C¢ and C'® are also under
the conditions of RA. Thus,

m (Mo, (C+C)7) = m (Mo, C%) +m (Mo, C')

Now, it is obvious that f? satisfies RA.
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2. f? satisfies SYMC. Let G* and G* be two symmetric coalitions.

M.. CC
S PN C.G) - m(@.0) = 3 Shy (GFal) + % e
e icGFk
M,, C¢
M,, C¢
— m(Gk,C"*G,Q) + % (G, )
M,, C¢
— m(G*,C) + % m(E.0)
— m(MO7OG)
M|
Analogously,
G
> fH (N, C.G) = m(GH.0) = %

i€GF

Hence, f? satisfies SY MC.

3. f? satisfies SYMA. Leti,j € G* be a pair of symmetric agents. It is
trivial to see thati and j are also symmetric in (Gk, v%) . Then, Sh; (Gk, v%) =
Sh; (G, v3) . Hence, f}(No,C,G) = f2(No,C, G).

4. f? satisfies PMA. Leti € G* be such that G*\ {i} # @.

We know that for all j € G*\ {i},

Shy (G*,08) = 1 Z & (Pre (j,m) U{j}) — v& (Pre (j,m))] -

) TI'GH

By Lemma 1 (¢), ves is a concave game. Using similar arguments we
can prove that vY, is a concave game. Then, for all m € Tlg,

ve (Pre (j,m) U{j})—ve (Pre (j,m)) < ve ((Pre (j,m) \ {i}) U {7})—ve (Pre (j,m) \ {i})) -

Making some computations it is possible to prove that for all j € G*\ {i},
Sh; (GF,v) < Sh; (GF\ {i},v2).

Let us denote (N™*,C,G™") = ((N\{i}),, C, (G\G*) U (G¥\{i})) . Then,
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m (Mo, CG_Z) > m (Mo, C%) . Now, for all j € G*\{i},
m (M0,0G>
[ MI|G*|

E\ r 0 m<MO’CG7i)
< Sk (G ve) + e )

= f2 (N, C.GT).
A that h G with 1 # k i b= i ik
ssume that for eac with | # k, jecgﬂl,;‘r’leGl {cjy} jeckgg}l}j/ecl {cj}
Let j € G' € G\G*. Then

f7(No,C,G) = Sh; (G*,02) +

m (Mo,CGﬂ)
| M |G|
m (Mo,CG)
| M |G|
5. f? fails PMC. Assume that G = {{i}},.y . Thus, f* divides m (Ny, C)

equally among the agents. Now it is trivial to see that f* does not satisfy

PMC. m

Claim 23 There exist rules satisfying RA, SYMC, PMC, and PMA but
failing SY M A.

Proof. We define the rule f3 as follows. Given T C N finite, let
denote the order induced in N by the index of the agents. Namely, given

i,j € N, 7™ (i) < 7N (j) if and only if i < j. For each mcstp (Ny,C) and
1 € N we define
¥; (No, C) = ves (Pre (i,7V) U {i}) — vew (Pre (i, 7)) .
Let (Ny, C, G) be an mestp with coalition structure and i € G*. Thus,
Ji (No. C.G) = (G5, C¥).

1. f3 satisfies RA. Let C and C' as in the definition of RA. Proceeding
as in the proof of Claim 6, we obtain that (GE, C¥) and (G&,C") are under
the conditions of RA. Bergantinos and Vidal-Puga (2007c) proved that 1
satisfies RA. Therefore, 1,(GE, (C'+C")?) = 4,(GE, C?) +1,(GE, C"?) for all
i € G*. Thus, giveni € G* € G,

fA(No,C+C.G) = (G5, (C+C))
¥i(Gg, C%) + (G, C%)
= fz?’(NO)OaG)+fz‘3(NO7C/7G)'

ij(NOucaG) = Sh] (Gl’vg)+

= Sh; (G',vd) +
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2. f% satisfies SYMC. Let G* and G¥ be two symmetric coalitions.
Then, k and k' are symmetric agents in (MO, C’G) . Since ¢ satisfies SY M,
P (Mo,OG) = Qs (M(),CG) .

By Lemma 3 (ii1), m(GE, C?) = o, (Mg, C%) + m(G*, O).

Therefore,

Z fig(NOaca G) —m(Gk,C’) = sz(G]S?C@) _m(Gk70>
ieGk i€Gk

- m(Glga CLP) - m(Gka C)

- ka(M07 CG)

Proceeding in the same way for G* we obtain that

Z fzg(N07 C? G) - m(Gk/, C) = ka’(MO?CG)‘

ieGF

Therefore, f3 satisfies SY MC.

3. f3 satisfies PMC. It is not difficult to prove that 1 satisfies SCM.
Using arguments similar to those used in the proof of Claim 9, we can prove
that f3 satisfies PMC.

4. f? satisfies PMA. 1t is not difficult to prove that 1) satisfies PM.
Using arguments similar to those used in the proof of Claim 10, we can prove
that f3 satisfies PMA.

5. f3 fails SYMA. Consider the mcstp with coalition structure where
N ={1,2,3}, G = {G", G?*}, G* = {1,2}, G* = {3} and matriz C which is
represented in the following figure:

Agents 1 and 2 are symmetric. ©,(My, C%) = p,(My, CY) = 4. Therefore,
e =ch =4 and cgy = 1. Now, f3(Ny,C,G) =4 and f3(No,C,G)=1. m

Claim 24 There exist rules satisfying RA, SYMA, PMC, and PMA but
failing SY MC.
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Proof. We define the rule f* as follows. Let (Ny, C,G) be an mcstp with
coalition structure and i € G* € G.
Let @ be an order over the set of all finite subsets of N, @ induces an

order over the elements of G. We also denote this order as 7'. We define the
rule ¢ over (Mo, CG). For each G' € G,

o, (MO, C’G) = v(cey (Pre(l,7") U{l}) = vcey (Pre(l,7')).
Now,
fz4 <N0707 G) = ¥; (G§7 Cd))
where
o { Cjjf f0¢{5,7'}
35’ dp (Mo, C%) if 0 € {j,5'}.
1. f* satisfies RA.
We have proved in Claim 6 that (MO,C’G) and (MO, C’G) are under the
conditions of RA. Moreover, (C' + C")¢ = C% + C'C.
By Lemma 1 (d) , vcicn« (S) = vex(S) + vern(S) for all S C N. So, for
each G' € G,

&1 (Mo, (C+C')) = 6, (Mo, C%) + &y (Mo, C'°) .

By Lemma 1 (b), for all S C N, vex (SU{i}) — vex (5) = mgn{c;‘j}.
JES0

Therefore,

Mo, C%) > mi Gt
¢ (Mo, C7) > k’e%é{l{k}{<ckk) ¥

Since the irreducible matriz is the minimal network associated with an
mt,
: G, * > : G, .
k,erj\%l\l{k}{(ckk )t = k,eﬁl\l{k}{ckk ¥
Because of the definition of (Ny, C, G),
; G oy
ponin {ok} > max {ejir}
A similar result can be obtained for C'. Now, it is easy to conclude that
t* = ter U{(0,4;)} with i; € G* is an mt in (GE,C?), (GE,C"). Hence,
(GE,C?) and (GE,C"®) are under the conditions of RA. Moreover, C?+C"* =
(C'+ C")?. Since ¢ satisfies RA, for all i € G*,
f (No, C+C',G) = ¢,(Gg, (C+C')?)
= ¢ (G5,C%) + ¢, (G5,C")
= fz4 <N07 Ca G) + fz4 (N07 0,7 G) .
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2. f* satisfies SYMA. Let i,j € G¥ € G be symmetric agents in
(No,C,G). By definition of C?, i and j are symmetric agents in (Gf,C?).
Since ¢ satisfies SY M, ¢, (G’g7 C¢) = @, (Glg, C¢) . Thus,

fi(No, C,G) = ¢; (G5, C?) = ¢, (G5, C?) = f}(No, C. G).

3. f* satisfies PMC. Let G* € G. It is easy to prove that ¢ satisfies PM.
Using arguments similar to those used in the proof of Claim 9 we can prove
that f* satisfies PMC.

4. f* satisfies PMA.

We first prove that ¢ satisfies SCM. By Lemma 1 (b), for all S C N,
ver (SU{i}) — ves (S) = ggg.l{c:‘j} Bergantirios and Vidal-Puga (2007a)

prove that if C < C', then C* < C™. Now, it is easy to conclude that ¢
satisfies SC'M.

Using arguments similar to those used in the proof of Claim 10 we can
prove that f* satisfies PM A.

5. f* fails SYMC. Consider the mcstp with coalition structure where
N = {1,2}, G = {G',G?*}, G' = {1}, G* = {2} and matriz C which is
represented in the following figure:

Assume that G' comes before than G? in 7. Coalitions G* and G? are
symmetric and m(G*,C) = m(G?,C) = 0. Nevertheless
fH(No, C,G) —m(GY,C) = ¢1(My,C%) =10 and
f;(NO, Cv G) - m(G27 C) = ¢2(M07 CG) =2.

Clawm 25 There exist rules satisfying SY MC, SYMA, PMC, and PMA
but failing RA.

Proof. We define the rule f° as follows. Let (Ny, C,G) be an mcstp with
coalition structure and i € G*.

We first define the rule o over (Mg, C’G). Let 11Z, be the subset of permu-
tations in which the coalitions with the expensive cost to the source connect
first, i.e.

Hé’ = {ﬂ_ S HG | COGﬂ(l) é COGﬂ(l/) ’then m (l) > T (l,)} .
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For each G' € G, let o be the rule defined as

1
oy (M, C%) = ) > [veey (Pre(l,m) U{l}) — veey (Pre(l,m))] .
mellg,
Now,
fi5 (N07 07 G) =¢; (G’éa CU)
where

o { Cjjr if0¢{j,j'}
a7’ or (Mo, C%) if0 € {j,j'}.

1. f? satisfies SYMC. It is trivial to see that o satisfies SY M. Using
arqguments similar to those used in the proof of Claim 7 we can prove that f°
satisfies SY MC.

2. f? satisfies SY M A. Using arguments similar to those used in the proof
of Claim 8 we can prove that f° satisfies SY M A.

3. f° satisfies PMC. Using arguments similar to those used in Bergan-
tinos and Vidal-Puga (2007a), it is possible to prove that o satisfies PM.
Using arguments similar to those used in the proof of Claim 9 we can prove
that f5 satisfies PMC.

4. f° satisfies PMA. Let G* € G and i € G*, G* # {i}. Let us denote
as C" the cost matriz C restricted to the problem ((N\{i})o,C, (G\G*) U
(G*M\{i})) and G’ = (G\G*) U (G*\{i}). We consider two cases:

a) Assume that c¢§; = ¢S for all 1 € M. Thus, o (M, C%) =
o1 (Mo, C"%") for alll = 1,...,m. Hence, ((G*\{i})o,C7) = ((G"\{i})o,C").
Moreover, o satisfies PM. Using arguments similar to those used in the proof
of Claim 10 we can prove that for all j € GF\{i},

fj5(N07 C? G) = fg5((N\{Z})07 Ov Gl)
and for all G' € G, 1 # k and all j € G
f;)(N07 C? G) = fg5((N\{Z})07 C1,7 G,)

b) Assume that c§,.. # 5. for some k* € My. Then, c§.. < cS..
Moreover, c§ = c§" for all | # k.
This means that 11g, C II¢,.. Moreover, if m € II¢, and 7 ¢ 1%, there exists
7w € U such that m, on = Te\gv and 7' (k) < m (k) . Intuitively, coalition k
comes first in the orders of 11z, than in the orders of IIg,.
By Lemma 1 (c), for each cost matriz C, ve is a concave game. Making

some computations it is possible to prove that oy (]\/[0, CG) < ok (Mo, C’G') .
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Now, using arguments similar to those used in the proof of Claim 10 we
can prove that for all j € G*\ {i},

fj5(N07 C? G) < f]5(<N\{Z})07 Cu Gl)

5. f° fails RA. Consider the mcstp with coalition structure where N =
{1,2}, G ={G",G?*}, G* = {1}, G* = {2} and matrices C' and C" which are
represented in the following figures:

(No, C, G) (No, C", G)

If we take t = {(0,1),(1,2)} we realize that C' and C' are under the
conditions of RA.

Now IIg, (C) = {12,21}, 11§ (C") = {21}, IIE (C + C") = {21}. Thus,
5 (No,C,G) = (6,6), f°(No,C',G) = (2,10), and f°>(Ny,C +C'",G) =
(4,20). m

And the proof of Proposition 20 is completed. m
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